COLLAPSING THREE-DIMENSIONAL CLOSED 
ALEXANDROV SPACES WITH A LOWER 
CURVATURE BOUND 



AYATO MITSUISHI AND TAKAO YAMAGUCHI 

Abstract. In the present paper, we determine the topologies 
of three-dimensional closed Alexandrov spaces which converge to 
lower dimensional spaces in the Gromov-Hausdorff topology. 
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1. Introduction 

The purpose of the present paper is to determine the topologies of 
collapsing three-dimensional Alexandrov spaces. 

Alexandrov spaces are complete length spaces with the notion of cur- 
vature bounds. In this paper, we deal with finite dimensional Alexan- 
drov spaces with a lower curvature bound (see Definition 12. 2p . Alexan- 
drov spaces naturally appear in convergence and collapsing phenom- 
ena of Riemannian manifolds with a lower curvature bound ( |SYOO] . 
|Y 4-dim] ). and have played important roles in the study of collapsing 
Riemannian manifolds with a lower curvature bound. 

For a positive integer n, D > 0, k G M, let us consider the fol- 
lowing two families: Ai^{D, k) is the family of all isometry classes of 
complete n-dimensional Riemannian manifolds M whose diameters and 
sectional curvatures satisfy diam (M) < D and sec{M) > k. A"'{D, k) 
is the family of all isometry classes of n-dimensional Alexandrov spaces 
with diam < D and curvature > n. It follows from the definition of 
Alexandrov spaces that M.^{D,k) C ^"(-D, k). By Gromov's precom- 
pactness theorem, A^{D, k) has a nice property that \J^^^A^{D, n) is 
compact in the Gromov-Hausdorff topology, while [Jf^^^Ai''{D,K) is 
precompact. Therefore, it is quite natural to study the convergence 
and collapsing phenomena in A"'{D,k). Thus, the following problem 
naturally appears: 

Problem 1.1. Let {M"}^]^ be a sequence in A"'{D,k,) converging to 
an Alexandrov space X. Can one describe the topological structure of 
Mi by using the geometry and topology of X for large i ? 

In this paper, we consider Problem 11.11 for n = 3 when Mj has no 
boundary. We exhibit previously known results related to Problem I l.li 
Let us fix the following setting: Mj := M" G A^{D, k) converges to X 
as i — )■ oo, and fix a sufficiently large integer i. 

If the non- collapsing case arises, i.e. dimX = n, Perelman's stability 
theorem [Per Ilj (cf. |Kap Sta"b] ) shows that Mj is homeomorphic to 
X. 

In the collapsing case, we know the following results in the general 
dimension: If Mj and X are Riemannian manifolds, then Yamaguchi 
proved that there is a locally trivial fiber bundle (smooth submersion) 
fi : Mi ^ X whose fiber is a quotient of torus by some finite group 
action ( |Y91] , [Y convj ) . Fukaya and Yamaguchi proved that if Mj are 
Riemannian manifolds and X is a single-point set, then 7ri(Mi) has 
a nilpotent subgroup of finite index |FY] . This statement also goes 
through even if Mj is an Alexandrov space ( [Y conv] ). 
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In the lower dimensional cases, we know the following conclusive 
results: In dimension three, Shioya and Yamaguchi |SYOO] gave a com- 
plete classification of three-dimensional closed (orientable) Riemannian 
manifolds Mj collapsing in Ai^{D,K). It is also proved that volume 
collapsed closed orientable Riemannian three-manifolds Mi with no di- 
ameter bound are graph-manifolds, or have small diameters and finite 
fundamental groups ( |SY05] . |Per Entj ). For more recent works, see 
Morgan and Tian j^TT] . Cao and Ge [CaGi], Kleiner and Lott jKL] . 
In dimension four, Yamaguchi |Y 4-dim] gave a classification of four- 
dimensional orientable closed Riemannian manifolds Mj collapsing in 

1.1. Main results. To state our results, we fix notations in this paper. 

is a closed n-disk. is written as /, called an (bounded closed) 
interval. P" is an n-dimensional real projective space. is an n- 
dimensional torus. is a Klein bottle. Mo is a Mobius band. x / is 
an orientable (non-trivial) /-bundle over K^. K'^xl is a non-orient able 
non-trivial /-bundle over K^. A solid Klein bottle S^xD^ is obtained 
by R X with identification [t, x) = {t + l,x). Here, we consider 
as the unit disk on the complex plane and x is the complex conjugate 
of X. Note that a solid Klein bottle is homeomorphic to Mo x /. 

Let us first provide an important example of a collapsing Alexandrov 
space Mpt which is not a manifold. We observe that this space Mpt can 
be regard as a "circle fibration" over a cone with a singular interval 
fiber. 

Example 1.2. Let x be a fiat manifold with product metric. 
For the isometric involution a defined by 

a(e'^x) = (e-'^-x), 

we consider the quotient space Mpt := x R^/ (a) which is an Alexan- 
drov space with nonnegative curvature. This space Mpt has the two 
topologically singular points, i.e. non-manifold points, := [(1,0)] 
and p_ := [(—1,0)] which correspond to fixed points (1,0) and (—1,0) 
of a. We consider a standard projection p : Mpt — R^/x ~ —x = 
K{Sl) from Mpt to the cone K{Sl) over the circle of length n. This 
is an 5'^-fiber bundle over K{Sl) except the vertex o G K{Sl). Remark 
that the fiber p~^{dB{o,r)) over a metric circle at o is topologically a 
Klein bottle. The fiber p~^{o) over the origin is an interval joining the 
topologically singular points p+ and p_ . Thus, we may regard Mpt as a 
circle fibration, with the singular fiber p~^{o), over the cone K{Sl). We 
rescale the "circle orbits" of Mpt as Mpt(e) := (eS^) x M7(a). Then, 
as e — )■ 0, Mpt(£:) collapse to the cone K{Sl). 

We obtain the following results. 
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A compact Alexandrov space is called closed if it has no boundary. 
An essential singular point of an Alexandrov space is a point at which 
the space of directions has radius not greater than 7r/2. 

Theorem 1.3. Let Mf be a sequence of three-dimensional closed Alexan- 
drov spaces with curvature > — 1 and dianiMj < D. Suppose that Mj 
converges to an Alexandrov surface X without boundary. Then, for 
sufficiently large i, Mi is homeomorphic to a generalized Seifert fiber 
space over X . Further, singular orbits may occur over essential singu- 
lar points in X . 

Here, a generalized Seifert fiber space is a Seifert fiber space in a 
generalized sense, which possibly has singular interval fibers just as in 
Example ll.2[ For the precise definition, see Definition 12.481 

To describe the topologies of Mf converging to an Alexandrov surface 
with nonempty boundary, we define the notion of generalized solid 
tori and generalized solid Klein bottles. Let K{A) be the cone over a 
topological space A, obtained from A x [0, +oo) smashing A x {0} to 
a point. Let Ki{A) be the closed cone over A, obtained from A x [0, 1] 
smashing A x {0} to a point. We put dKi{A) := Ax {!}. 

Definition 1.4. We will construct a certain three-dimensional topo- 
logical orbifold whose boundary is homeomorphic to a torus or a Klein 
bottle. 

We first observe that the closed cone Ki{P^) over can be regarded 
as a "fibration"0 over / as follows. Let F = Z2 be the group generated 
by the involution 7 on defined by 7(f) = —v. Then M.^/T = K{P'^). 

We consider the following families of surfaces in R^, 

A{t) := {v = (x, y, z)\x' + y^-z' = t\ |z| < 1}, 

B(t) := {v = {x, y, z)\x^ + y'^ - z^ = -t^, x^ + y^ <1}. 

and set 

j A{t)/T if t > 
^^^^ '■^\B{t)/T ift<0 

Then D{t) is homeomorphic to a Mobius band for t > 0, and is homeo- 
morphic to a disk for t < 0. Remark that IJt6[-i 1] dD(t) is homeomor- 
phic to X /. The union D{1) U IJte[-i 1] 9D{t) U D{—1) corresponds 
to P2 X {1} = dKi{P^) C Ki{P^). Define a projection 

(1.1) 7r:Ki{P^)^ y ^ [-1, 1] as 7r(D(t)) = t 

te[-i,i] 

This is a "fibration" stated as above. 

For a positive integer > 1, let us consider a circle = [0, 2A^]/ {0} ~ 
{2A^}. Let Ij be a sub-arc in corresponding to [j — l,j] C [0, 2A^] 



""^In fact, it is NOT a Serre fibration, because the fibers and Mo are not weak 
homotopy equivalence. 
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for j = 1, . . . , 2N . We consider a sequence Bj of topological spaces 
such that each Bj is homeomorphic to i^i(P^). We take a sequence of 
projections Tij : Bj — t- Ij obtained as above such that there are homeo- 
morphisms (pj : TiJ^^j) ^ vr~jl^(j) for all j = 1, . . . , 2N . Then we obtain 
a topological space Y := IJj=i Bj glued by 0-,'s. Define a projection 

2N 

(1.2) TT : F = U 5, ^ ^1 by 7r(7r7i(t)) = t 

i=i 

for any t G S*^. By the construction, F has 2N topologically singular 
points. Remark that the restriction vrlay : BY — S*^ is a usual S'^-fiber 
bundle. Then we obtain an topological orbifold Y whose boundary dY 
is homeomorphic to a torus or a Klein bottle. If dY is a torus, then 
Y is called a generalized solid torus of type N . If BY is a Klein bottle, 
then Y is called a generalized solid Klein bottle of type N . We regard a 
solid torus S"^ x and the product S*^ x Mo as generalized solid tori 
of type 0. We also regard a solid Klein bottle S^xD"^ and non-trivial 
Mo-bundle S'^xMo over as generalized solid Klein bottles of type 
0. Note that S'^xMo is homeomorphic to a non-orient able /-bundle 
K'^xl over K'^. 

For a two-dimensional Alexandrov space X, a boundary point x G 
dX is called a corner point if diam < tt, in other word, if it is an 
essential singular point. 

Theorem 1.5. Let {Mi}'^^ be a sequence of three-dimensional closed 
Alexandrov spaces with curvature > —1 and diamMj < D. Suppose 
that Mi converges to an Alexandrov surface X with non-empty bound- 
ary. Then, for large i, there exist a generalized Seifert fiber space 
Seifj {X) over X and generalized solid tori or generalized solid Klein 
bottles Tii^k '■ Yi^k — ^ {dX)k over each component {dX)k of dX such 
that Mi is homeomorphic to a union of Self j {X) and Yi^k 's glued along 
their boundaries, where the fibers of Self j {X) over a boundary points 
X E {dX)k are identified with d'K~l{x) ~ . 

It should be remarked that in Theorem II. 5[ the fiber of tTj : ^ — )■ 
{dX)k may change at a corner point of (SX)^, and that The type of 
Yi is less than or equals to the half of the number of corner points in 

{dx)u. 

Corollary 1.6. Under the same assumption and notation of Theorem 
for large i, there exists a continuous surjection fi : Mi — )■ X which 
is a 6 (i)- approximation satisfying the following. 

(1) fi : /-"^(intX) — intX is a generalized Siefert fibration. 

(2) For x E dX, f~^{x) is homeomorphic to a one-point set or a 
circle. The fiber of fi may change over a corner point in dX . 



6 



AYATO MITSUISHI AND TAKAO YAMAGUCHI 



(3) For any collar neighborhood ip : {dX)k x [0, 1] ^ X of a compo- 
nent {dX)k ofdX, which contains no interior essential singular 
points, (image 9?) is a generalized solid torus or a generalized 
solid Klein bottle. 

Under the same notation of Corollary ll.6[ we remark that, for x G 
{dX)k, 

f-\^{{x} X [0, 1])) ^ if lr\x) ^ {pt}; and 
/ri(^({x}x[0,l]))^M5 iifr\x)^S\ 

The structure of Mj collapsing to one-dimensional space is deter- 
mined as follows. 

Theorem 1.7. Let Mf be a sequence of three-dimensional closed Alexan- 
drov spaces with curvature > — 1 and diamMj < D. Suppose that Mf 
converges to a circle. Then, for large i, Mj is homeomorphic to a total 
space of an Fi-fiber bundle over S-^ , where the fiber Fi is homeomorphic 
to one of S^, P^, andK^. 

To describe the structures of Mj converging to an interval J, we 
prepare certain topological orbifolds. First, we provide 

5(pt) := X Z^V(a) 

Here, the involution a is the restriction of one provided in Example II .21 
Remark that dB{pt) ~ S"^. We also need to consider three-dimensional 
open Alexandrov spaces L2 and L4 with two-dimensional souls S2 and 
5*4 respectively, where 5*2 (resp. 5*4) is homeomorpshic to 5"^ or 
(resp. to S"^). For their definition, see Example 12.631 The space Lj 
[i = 2,4) has i topologically singular points, which are contained in 
Si. We denote by B{Si) a metric ball around Si in Lj. Here we point 
out that dB{S2) ^ S^ (resp.^ K^) if ^2 ^ S^ (resp. if ^2 ~ P^), and 
dB{S4) ^ T2. 

Theorem 1.8. Let be a sequence of three-dimensional closed Alexan- 
drov spaces with curvature > — 1 and diamMj < D. Suppose that Mf 
converges to an interval. Then, for large i, Mi is the union of Bi U B[ 
glued along their boundaries. dBi is homeomorphic to one of S"^, P^, 
T^ and . The topologies of Bi (and B'J are determined as follows: 

(1) If dBi ^ S"^, then Bi is homeomorphic to one of , P'^— int , 
B{S2) with S2^S\ 

(2) If dBi ^ P^, then Bi is homeomorphic to Ki{P'^). 

(3) // dBi T^, then Bi is homeomorphic to one of S"^ x , 
S^ X M5, K^^I, andB{Si). 

(4) // dBi ^ , then Bi is homeomorphic to one of S^xD^, 
K^xl, B{pt), and 5(^2) with S2 ^ P^. 



COLLAPSING THREE-DIMENSIONAL ALEXANDROV SPACES 7 



Corollary 1.9. Let Mi be a sequence of three-dimensional closed Alexan- 
drov space with curvature > — 1 and diameter < D. Suppose Mi con- 
verges to a point. Then, for large i, Mi is homeomorphic to one of 

• generalized Seifert fiber spaces in the conclusion of Theorem \l.^A 
with a base Alexandrov surface having nonnegative curvature, 

• spaces in the conclusion of Theorem \1.5\ with a base Alexandrov 
surface having nonnegative curvature, 

• spaces in the conclusion of Theorem \l.l\ and \l.^ and 

• closed Alexandrov spaces with nonnegative curvature having fi- 
nite fundamental groups. 

We remark that all spaces appeared in the conclusion of Theorems 
11.71 and 11.81 and Corollary 11.91 actually have sequences of met- 
rics as Alexandrov spaces collapsing to such respective limit spaces 
descrived there. 

By Corollary II. 9[ to achieve a complete classification of the topolo- 
gies of collapsing three-dimensional closed Alexandrov spaces, we pro- 
vide a version of "Poincare conjecture" for three-dimensional closed 
Alexandrov spaces with nonnegative curvature. 

For Alexandrov spaces A and A' having boundaries isometric to each 
other, AVJqA' denotes the gluing of AUA' via an isometry (f) : dA — OA' . 
Note that A Ug A' is an Alexandrov space (see Pet Appl| ) 



Conjecture 1.10. A simply connected three-dimensional closed Alexan- 
drov space with nonnegative curvature is homeomorphic to an isometric 
gluing A VJq A' for A and A' chosen in the following list (11. 3p of non- 
negatively curved Alexandrov spaces: 

(1.3) D\ Ki{P^), 5(pt), B{S2), B{S,). 

We also remark that any connected sum of those spaces admits a 
metric of Alexandrov space having a lower curvature bound by some 
constant. 

Conjecture 1.11. A simply connected three-dimensional closed Alexan- 
drov space with curvature > 1 is homeomorphic to a three-sphere or 
a suspension S(-P^) over P^. 

The organization of this paper and basic ideas of the proofs of our 
results are as follows: 

In Section [21 we review some basic notations and results on Alexan- 
drov spaces. We provide a three-dimensional topological orbifold hav- 
ing a circle fiber structure with singular arc fibers, and call it a gener- 
alized Seifert fiber space. At the end of this section, we prove funda- 
mental properties on the topologically singular point set. 

In Section [3l for any n G N, we consider n-dimensional closed Alexan- 
drov spaces M" collapsing to a space X"^^ of co-dimension one. As- 
sume that all points in X are almost regular, except finite points 
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Xi,...,Xm- For any fixed p G {xa}, we take a sequence Pi G Mj 
converging to p. By Yamaguchi's Fibration Theorem \2.25\ for large i, 
tliere is a fiber bundle vTj : — )■ A, where A is a small metric annulus 
A = A[p] r, R) around p and Ai is a some corresponding domain. Here, 
r and R are small positive numbers so that r ^ R. 

Although Ai is not a metric annulus in general, it is expected that 
Ai is homeomorphic to an standard annulus A{j)i\r,R). Moreover, we 
may expect that there exist an isotopy </> : Mi x [0, 1] — Mi such that, 
putting 0t := 0(-,t), 



for any fixed 5 > 0. 

If we consider the case that all Mj are Riemannian manifolds, then 
we can obtain a smooth flow of a gradient-like vector field V of the 
distance function distp^ from pi. Then, by using integral curves of V , 
we can obtain such an isotopy from idui satisfying the property fll.4l) . 

We will prove that such an argument of flow goes through on Alexan- 
drov spaces Mj as well. To do this, we first prove a main result. Flow 
Theorem 13. 2[ in this section. Theorem 13.21 implies the existence of an 
integral flow of a gradient-like vector field of a distance function 
distp^ on A{pi\r,R) in a suitable sense. This flow leads an isotopy 
satisfying the property (11. 4p . Theorem l3.2l is important throughout the 
paper. 

In Sections H] - [HI we prove Theorems 11.31 - 11.81 and Corollary 11.91 
To explain the arguments used in those proofs, let us fix a sequence 
Mj = Mf of three-dimensional closed Alexandrov spaces in ^^(—1, D) 
converging to X of dimension < 2. 

In Section m we consider the case that dimX = 2 and dX = 0. Let 
Pi, . . . ,Pm be all 5-singular points in X for a fixed small 6 > 0. Let us 
take a converging sequence pi^a Pa (^ — ^ oo) for each a = 1, . . . , m. 
Let us fix any a and set p := pa, Pi '■= Pi,a- We take r = > such 
that all points in B{p,2r) — {p} are (2, £:)-strained. Then, all points 
in an annulus A{pi]ei,2r — Si) are (3, 6'(z, £:))-strained. Here, £j is a 
sequence of positive numbers converging to zero. Then, by Fibration 
Theorem 12.251 we have an S'^-fiber bundle VTj : — )■ A{p] r,2r). On the 
other hand, by the rescaling argument I2.27[ we obtain the conclusion 
that Bi := B{pi,r) is homeomorphic to a solid torus or -B(pt). Here, 
we can exclude the possibility that Bi is topologically a solid Klein 
bottle. Theorem 13.21 implies that there exists an isotopy carrying the 
fiber 'K~^{dB(p,r)) to dBi. If Bi ^ x then we can prove an 
argument similar to [SYOOj that Bi has the structure of a Seifert fibered 



(1.4) 
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torus in the usual sense, extending vr. If Bi ^ -B(pt), then by some new 
observation on the topological structure of -B(pt), we can prove that 
has the standard "circle fibration" structure provided in Example ll.2[ 
compatible with vr. In this way, we obtain the structure of a generalized 
Seifert fiber space on Mj. 

In Section |5l we consider the case that dimX = 2 and dX ^ 0. 
Take a decomposition of dX to connected components IJ/3(^^)/3- 
Xq := X — U{dX, r) for some small r > 0. By Theorem 11.3^ we have 
a generalized Seifert fibration tTj : Mi^ — )■ Xq for some closed domain 
Mifi C Mi. For any fixed /3, we take points pa in {dX)i3 so fine that {pa} 
contains all e-singular points in {dX)i3. Let pi^a G Mj be a sequence 
converging to pa- Deform a metric ball B{pi^a,f) to a neighborhood 
Bi^a of Pi^Q by an isotopy obtained in Theorem 13.21 Because of the 
existence of dX, we need a bit complicated construction of flows of 
gradient-like vector fields of distance functions. 

In Sectional we consider the case that X is isometric to a circle S^{i) 
of length i. If Mj has no e-singular points, by Fibration Theorem I2.25[ 
we obviously obtain the conclusion of Theorem II. 7[ But, in general. 
Mi has ^-singular points. Therefore, we use Perelman's Morse theory 
to construct a fibration over S^. 

In Section [TJ we consider the case that X is isometric to an interval 
[0, £] of some length i. We use rescaling arguments around the end 
points of interval X and an argument similar to Theorem 11.71 to prove 
Theorem 11.81 

In Section [HI we consider the case of dim X = and prove Corollary 

[m 

For three-dimensional Alexandrov spaces with non-empty boundary 
collapsing to lower dimensional spaces, considering their doubles, one 
could make use of the results in the present paper to obtain the struc- 
ture of collapsing in that case. This will appear in a forthcoming paper. 

2. Preliminaries 

2.1. Definitions, Conventions and Notations. In the present pa- 
per, we use the following notations. 

• 6{6) is a function depending on 6 = {6i, ... ,6k) such that 
lim5_^o ^(^) = 0. 9{i, 6) is a function depending on 5 G M'^ 
and z G N such that limj^oo,<5-5.o ^(^) = 0. When we write 
A < 6{6) for a nonnegative number A, we always assume that 
6{6) is taken to be nonnegative. 

• X Y means that X is homeomorphic to Y. For metric spaces 
X and Y, X = Y means that X is isometric to Y. 

• For metric spaces X and Y, the direct product X x Y has the 
product metric if nothing stated. 
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• For continuous mappings fi : Xi ^ Y, f2 : X2 ^ Y and 

: Xi — J- X2, we say that g represents fi and f2 if /i = /2 ° 5' 
holds. 

• Denote by d{x,y), \x,y\, and \xy\ the distance between x and 
y in a metric space X. Sometimes we mark X as lower index 
\x,y\x- _ 

• For a subset 5 of a topological space, S is the closure of S in 
the whole space. 

• For a metric space X = {X, d) and r > 0, denote the rescaling 
metric space rX = {X,rd). 

• For a subset F of a metric space, denote by disty the dis- 
tance function from Y. When Y = {x} we denote dist^^ : = 
distja;}. For a subset y of a metric space X and a subset I of 
M+, define a subset B(Y;I) := BxIy-I) := dist^^(/) C X. 
For special cases, we denote and call those sets in the follow- 
ing way: B(Y,r) := B{Y;[0,r]) the closed ball, U{Y,r) : = 
B{Y; [0,r)) the open ball, A{Y;r',r) := B(Y] [r',r]) the annu- 
lus, and dB{Y,r) := B{Y]{r}) the metric sphere. For Y = 
{x}, we set B{x,r) := B{{x},r), U{x,r) := U{{x},r) and 
A{x;r',r) := A{{x};r' ,r). 

• For a topological space X, the cone K{X) over X is obtained 
from X X [0, 00) by smashing X x {0} to a point. An equivalent 
class [(x, a)] G K{X) of (x, a) G X x [0, +00) is denoted by ax, 
or often simply written by (x, a). A special point (x, 0) = Ox G 
K{X) is denoted by o or ox, called the origin of K{X). A point 
V G -ft'(X) is often called a vector. J'ri(X) denotes the (unit) 
closed cone over X, i.e. 

Ki{X) := {ax G K{X) | x G X, < a < 1}. 

i^i(X) is homeomorphic to the join between X and a single- 
point. 

• For a metric space X, -ft'(X) often denotes the Euclidean metric 
cone, which is equipped the metric as follows: for two points 
(xi,ri), (x2,r2) G X X [0, 00) the distance between them is de- 
fined by 

c?((xi,ri), (x2,r2))^ := r\^r\ - 2rir2 cosmin{d(xi, X2), vr}. 

And for v G K(X), we put \v\ := d{x,o) and call it the 
norm of v. Define an inner product {v,w) of v,w G K{X) by 
{v,w) := cos Zt;ott;. 

• When we write M" marked upper index n, this means that M 
is an n-dimensional Alexandrov space. 
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For a curve 7 : [0, 1] -t- X in a metric space X, the length L{'y) of 7 
is defined by 

m 

L(7) := sup V(i(7(ti_i),7(ti)) e [0,+oo]. 

O=io<fi<---<im=l ~[ 

A metric space X is called a length space if for any x, y & X and e > 0, 
there exists a curve 7 : [0, 1] — X such that 7(0) = x, 7(1) = y and 
< -^(7) ~ d{x, y) < e. A curve is called a geodesic if it is an isometric 
embedding from some interval Sometime a geodesic 7 defined on a 
bounded closed interval [0, £] is called a geodesic segment. A geodesic 
defined on M is called a /me, a geodesic defined on [0, +00) is called a 
ray. For a geodesic 7 : J — )■ X in a metric space X, we often regard 7 
itself as the subset 7(1) C X. 



2.2. Alexandrov spaces. From now on, throughout this paper, we al- 
ways assume that a metric space is proper, namely, any closed bounded 
subset is compact. A proper length space is a geodesic space, namely 
any two points are jointed by a geodesic. 

For three points xq, xi, X2 in a metric space, the size of {xo,xi,X2) 
is size (xo, xi, X2) := |xoXi| + \xiX2\ + |a;2Xo|. The size of four points 
(xo; Xi, X2, X3) (centered at Xq) is defined by the maximum of size (xq, Xi, Xj) 
for 1 < i 7^ j < 3, denoted by size (xq; Xi, X2, X3). 

Definition 2.1. For three points xo,xi,X2 in a metric space X with 
size (xo, xi, X2) < In I ^[k, the k- comparison angle of (xo;xi,X2), writ- 
ten by /-^X\XqX2 or Zfj(xo; Xi, X2), is defined as following: Take three 
points Xi [i = 0,1,2) in K-plane M^, which is a simply connected 
complete surface with constant curvature = n, such that d{xi,Xj) = 
d{xi,Xj) for < i,j < 2 and put ZkXiXoX2 := ZxiXoX2. Sometime we 
write Z omitting n in the notation Z^. 

Definition 2.2. For k G M, a complete metric space X is called an 
Alexandrov space with curvature > k if X is a length space and, for 
every four points xo,xi,X2,X3 G X (with size (xq; Xi, X2, X3) < In j ^[k 
if K > 0), we have the next inequality: 

2^X1X0X2 + 2^X2X0X3 + 2^X3X0X1 < In. 

The dimension of an Alexandrov space means its Hausdorff dimen- 
sion. The Hausdorff dimension and the topological dimension are equal 
to each other ( |BGPj . |PP QG], [Pl]). Throughout this paper, we al- 



ways assume that an Alexandrov space is finite dimensional. 

Remark 2.3. //X is an Alexandrov space with curvature > k, then 
the rescaling space rX is an Alexandrov space with curvature > k/t"^. 
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For two geodesies a,/? : [0,£:] — )■ X emanating at a(0) = /3(0) = p G 
X in an Alexandrov space X, the angle Z{a, /3) at p is defined by 

Z(«,/3) := Zp(a,/3) := lim 2(p; 

The set of all non-trivial geodesies emanating at p in an Alexandrov 
space X is denoted by S^X. The angle Zp at p satisfies the triangle 
inequality on this set. Its metric completion is denoted by Ep = T,pX, 
called the space of directions at p. For a geodesic 7 : [0, — > X starting 
from X = 7(0) to y = 7(f), we denote 7"^(0) = 7'(0) =7^ = 7;^^ =tl 
the direction of 7 at x. By xy, we denote some segment = 7 : 
[0, \xy\] — )■ X joining from 7(0) = a; to ■j{\xy\) = y. For a subset 
A <Z X, the closure of a set of all directions from a; to A is denoted by 
A'^, i.e., 

A'^ := G Sa; I 3ai G A such that lim |xaj| = \x, A\ and lim tx'= 

When X E A, we put ^^^(A) := A^. For x,y G X, we denote as 
y'x '■— {y}'x- sometimes we denote by y'^ an element belong with 
y'^. For X E X and ;z G X — {x}, we denote by Zyxz the angle 
Z{xy,xz) = Z(t^,'|'^) between some fixed segments xy, xz. 

Definition 2.4. A {k, 6) -strainer at x G M is a collection of points 
{pt}a=i = {pt^Pa I = 1, • • • , /i;} satisfying the following. 



(2.1) Zp+xp+>n/2-5 

(2.2) Zpt,xp-p> 71/2-6 

(2.3) Zp-xp^ >7r/2-5 

(2.4) Zp+xp^ >7r-6 



for all 1 < a 7^ /3 < k. 

The length of a strainer {p^} at x is mini<Q,<fc{|p+, x|, |p~,x|}. The 
{k, S)-strained radius of x, denoted by (/c, (5)-str.radx, is the supremum 
of lengths of {k, (5)-strainers at x. A [k, (5)-strained radius (A;, (5)-str.rad A 
of a subset A C M is defined by 

(k,S)-stT.Ta.dA := inf (fc, 5)-str.radx. 

xGA 

If there is a (/c, (5)-strainer at x, then x is called {k, 6) -strained. Denotes 
by Rk,s{M) the set of all {k, (5)-strained points in M. Rk,s{M) is an 
open subset. Put Sk,s{M) := M - Rk/iM). Any point in Sk,5{M) 
is called a {k, 6)-singular point. When we consider an n-dimensional 
Alexandrov space Af^ and 6 is sufficiently small with respect to 1/n, 
we simply say 5-strained, 5-singular, etc. instead of (n, (5)-strained, 
(ra, (5)-singular, etc., and we omit to write Rs{M), Ss{M) instead of 
Rns{M), Sns{M). For an n-dimensional Alexandrov space M^, put 
r(m^) := Rs{M^) and 5(M-) := [j,^^ Ss{M^) = M" - R{M^). 
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Theorem 2.5 ( |BGPj . |USj ). For any n- dimensional Alexandrov space 
M", we have dim^ S{M) <n-l and dimn S{M) -dM <n-2. 

Here, the boundary dM of an Alexandrov space M is defined induc- 
tively in the following manner. 

Definition 2.6. A one-dimensional Alexandrov space is a mani- 
fold, and the boundary of is the boundary of as a manifold. 
Now let M" be an n-dimensional Alexandrov space with n > 1. A 
point p in is called a boundary point if Sp has a boundary point. 
The set of all boundary points is denoted by , called the boundary 
of M"-. Its complement is denoted by int M"- = M" — dM'^, called the 
interior of M"". A point in intM"" is called an interior point of M". 
is a closed subset in M"" f jBGP] . |Per II] ). 
A compact Alexandrov space without boundary is called a closed 
Alexandrov space, and a noncompact Alexandrov space without bound- 
ary is called an open Alexandrov space. 

Definition 2.7. For an n-dimensional Alexandrov space M", we say 
that p G M is a topologically regular point (or a manifold-point) if there 
is a neighborhood of which is homeomorphic to or M""^ x [0, oo). 
p is called a topologically singular point if p is not a topologically regular 
point. We denote by S'top(M) the set of all topologically singular points. 

Definition 2.8. For an Alexandrov space M, a point p E M is called 
an essential singular point if radSp < 7r/2. A set of whole essential 
singular points in M is denoted by Ess(M). We define the set of interior 
(resp. boundary) essential singular points Ess(intM) (resp. Ess{dM)) 
as follows: 

Ess (int M) := Ess(M) fl int M, 

Ess(aM) := Ess(M) n dM. 

Remark that if dimM = 1 then Ess(intM) = and Ess(9M) = dM. 

Remark 2.9. By Theorem 12.361 and Stability Theorem 12.341 we can 
check the following. 

Stop{M) C Ess(M) C S{M). 

For small 6 <^ 1/n, any (n, (5)-regular point in an n-dimensional 
Alexandrov space is an interior point. 

Theorem 2.10 ( |BGPl Corollary 12.8]). An (n — 1, S) -regular interior 
point in an n-dimensional Alexandrov space is an {n, 6') -regular point. 
Here, 5' as 6 ^ 0. 

The boundary of an Alexandrov space is determined by its topology: 

Theorem 2.11 ([BUB Theorem 13.3(a)], [Per Ilj ). Let Mi and M2 be 

n-dimensional Alexandrov spaces with homeomorphism : Mi — )■ M2. 
Then (p{dMi) = dM2. 
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2.3. The Gromov-Hausdorff convergence. For metric spaces X 
and Y, and e > 0, an e- approximation f from X to y is a map / : 
X ^ Y such that 

(1) \d{x, x') — d{f{x), f{x'))\ < e for any x, x' G X, 

(2) F = 5(Image (/),£). 

The Gromov-Hausdorff distance dcHi^, between X and Y is defined 
by the infimum of those e > that there exist e-approximations from 
X to y and from Y to X. We say that a sequence of metric spaces Xj, 
i = 1,2, . . . converges to a metric space X as z — j- oo if dcniXi, X) —j- 
as z — oo. 

For two pointed metric spaces {X, x), {Y, y), a pointed e -approximation 
f from {X, x) to {Y, y) is a map / : Bx{x, 1/e) — )■ F such that 

(1) f{x) = y, 

(2) \d{x',x") - d{f{x'), f{x"))\ < e for x',x" G Bx{x, 1/e), 

(3) BY{y,l/e)cB{lmage{f),e). 

The pointed Gromov-Hausdorff' distance dGH{{X,x),{Y,y)) between 
{X, x) and {Y, y) is defined by the infimum of those e > that there 
exist pointed ^-approximations from {X, x) to {Y, y) and from [Y, y) to 
{X,x). 

For an n- dimensional Alexandrov space X^, the (Gromov-Hausdorff) 
tangent cone T^X of X at x is defined by the pointed Gromov-Hausdorff 
hmit of {l/riX,x) for some sequence (r^) converging to zero. Thus, 
T^X is an n-dimensional noncompact Alexandrov space with nonneg- 
ative curvature. And, T^X is isometric to the metric cone K{llx) over 
the space of directions T.^- 

For a locally Lipschitz map f : X ^ M between Alexandrov spaces, 
and a curve 7 : [0, a] — )■ X starting at p = 7(0) with direction 7"^ at p. 
We say that / has the directional derivative df{'y~^) in the direction 7"*" 
if there exists the limit 

dfil^) :=(/o7)+:=|/o7(0+). 

A distance function on an Alexandrov space has the directional de- 
rivative in any direction. 

For a local Lipschitz function / on a metric space, the absolute gra- 
dient |V/|p of / at p is defined by 

|V/|p:= |V/|(p) :=max(limsup^^^4^^'0 



d{x,p) 



Definition 2.12. / is called regular at p if |V/|p > 0. Such a point p 
is a regular point for /. Otherwise, / is called critical at p. 



Let X be an Alexandrov space and U be an open subset of X. Let 
f : U — M be a locally Lipschitz function. For A G M, / is said to be 
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X-concave if for every segment 7 : [0,i] — ?■ U, the function 

is concave in t. A 0-concave function is said to be concave. / is said 
to be semiconcave if for every x & U there are an open neighborhood 
V of X in U and a constant A G M such that /|y is A-concave. 

For a semiconcave function / on a finite dimensional Alexandrov 
space, the gradient vector V/ of / is defined in the tangent cone: 

Definition 2.13 ( |PP QCj] ). Let X be a finite dimensional Alexandrov 
space. Let f : U — ?■ M be a semiconcave function defined on an open 
neighborhood U oi p. A vector v G TpX is called the gradient of / at 
p if the following holds. 

(i) For any w G TpX, we have dpf{w) < {v, w). 

(ii) dpfiv) = |tf . 

The gradient of / at p is shortly denoted by Vp/. 

Remark that Vp/ is uniquely determined as the following manner: 
If |V/|p = then Vp/ = Op, and otherwise, 

^ pf '^p/(^max)Cmax) 

where ^max ^ is the uniquely determined unit vector such that 

max 

) = max5eSpC?p/(0- 
We can show that the absolute gradient |V/|(p) of / is equals to the 
norm |Vp/| of gradient vector Vp/ in TpX. 

2.4. Ultraconvergence. We will recall the notion of ultrafilters and 
ultralimits. For more details, we refer to |BH] . A (non-principle) ultra- 
filter u on the set of natural numbers N is a finitely additive measure 
on the power set 2^ of N that has values or 1 and contains no atoms. 
For each sequence {yi} = {yi}im in a compact Hausdorff space Y, an 
ultralimit lim^ = y E Y oi this sequence is uniquely determined by 
the requirement a;({i G N | ?/j G f/}) = 1 for all neighborhood U of 
y. If / : y — )■ Z is a continuous map between topological spaces, then 
lim<^/(yi) = /(lim^i/i). 

For a sequence {(Xj, Xj)} of pointed metric spaces, consider the set of 
all sequence {yi} of points yi G Xi with lim^ \xiyi\ < 00. And provide 
the pseudometric = lim^j \yiZi\ on the set. The ultralimit 

(X, x) = lim(^(Xj, Xj) of {(Xj,Xj)} is defined to be the metric space 
arising from this pseudometric, and the equivalence class of a sequence 
{yi} is denoted by The ultralimit of a constant sequence {{X,x)} 
of a metric space (X, x) is called the ultrapower of (X, x) and is denoted 
by X"^ = (X"^, x). The natural map X 3 y ^ (y) = {y,y,y, . . .) e X'^ 
is an isometric embedding. 
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We review a relation between the ultraconvergence and the usual 
convergence. A sequence (Si) of positive numbers is said to be a scale 
if linii^oo £i = 0. 

Lemma 2.14. For a real number A and a function h : M_|_ M, the 
following are equivalent: 

(i) liminf /i(t) > A. 

t\o 

(ii) For any scale (o) = (tj), we have lim/i(tj) > A. 

Proof. ((?) ^ {ii))- We assume (i). Then, for any e > 0, there is to > 
such that 

inf hit) > A- e. 

0<t<to 

Let us take any scale (tj). Then there is iq such that, for all i > io, we 
have 

h{ti) > inf h{t). 

0<£<£o 

Therefore, taking an ultralimit, we have 

\imh{ti) > A- e. 

The above inequality holds for all e > 0. Then we obtain {ii). 

{{ii) =^ {i)). We assume {ii). We take a sequence (tj) tending to 
such that 

lim h{ti) = liminf h{t). 
Then, taking an ultralimit, we obtain {i): 



A < lim h{ti) = lim h{ti) = liminf h{t). 



□ 



Let {Xi,Xi) and {Yi,yi) be sequences of pointed metric spaces and 
let fi : {Xi,Xi) — )■ {Yi,yi) be a sequence of maps. Then the ultralimit 
f^ = lim^ fi of {fi} is defined by 

limXi 3 a^ = (oj) ^ ^(a^) := {fi{ai)) G limFj, 

if it is well-defined. For instance, if fi is a Lj-Lipschitz map with 
:= lim^ Lj < oo then the ultralimit is well-defined and L^- 
Lipschitz. If fi : {Xi,Xi) — )■ {Yi,yi) is a pointed Tj-approximation 
with := lim^^ Tj < oo, then the ultralimit fi^ is well-defined and 
a Tcj-approximation. Remark that if fi : {Xi,Xi) — )■ and Qi : 

(^4,1/4) —J- {Zi, Zi) have the ultralimits /^^ := lim^^ /j and (^^j := li^ujdi, 
then lim^(5(i o /j) = g^of^. For = (a^), = (a-) G hm^ Xi, we have 
= lima; \fi{ai)Ji{a'i)\. 
For a pointed metric space {X,x) and a scale (o) = (^j), we define 
the blow-up Xi°'> = {xi°\o^) of {X,x) by 

(X(°),o,) :=lim(l/£,X,x). 
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For a map / : {X, x) — )■ {Y, y) between pointed metric spaces, we 
consider a sequence {/j} of maps defined by 



U = f ■.{l/e,X,x)-^{l/e,Y,y). 
The hlow-up : xi°^ ^ of / is defined by := lim^ fi if it is 



well-defined. 

Let X be an Alexandrov space and x G X, and let (o) = be a 
scale. We consider the exponential map at x 

exp^. : (dom(exp^),o^.) 9 (7,^) h-> exp^.(7,t) := 7(t) G 

Here, dom(exp^) C T^X is the domain of exp^. Since exp^. is locally 
Lipschitz, the blow-up of exp^, is well-defined and written by 



The domain of expiT is the blow-up of (dom(exp2,), Ox), which is iden- 
tified as {TxX, Ox). 

Lemma 2.15 ([L], jBGP] ). Let (o) = {si) he an arbitrary scale. 

(i) Let X he a (possibly infinite dimensional) Alexandrov space. 
Then expi°^ is an isometric embedding. 

(ii) If X be a finite dimensional Alexandrov space, then expi°^ : 
Kijlx) Xx'^ is surjective, for any x G X. 

Proof, (i) By the definition of the angle between geodesies, for any 
(7, s) and (?7, t) G S^. x [0, 00), we have 



(ii) By jBGP], the Gromov-Hausdorff tangent cone T^X and the 
cone K{J]x) over space of directions are isometric to each other. More 
precisely, the scaled logarithmic map 



is Tj-approximation for some sequence {tj} of positive numbers converg- 
ing to zero. And exp^ o log^. = id. Then we have, for each (xi) G Xx°\ 



expi°^ := (expJi:) : (T.X, o.) ^ (X^^^o,). 



-f{sei),r]{tei)\x 




exp^ 



'x (Jog^i^i)) = (exp^.olog^.(xi)) = (xi). 



Therefore, exp^ is surjective. 



□ 



2.5. Preliminaries from the geometry of Alexandrov spaces. In 

this subsection, we review the basic facts on the geometry and topology 
of Alexandrov spaces. We refer to mainly |BGPj . [Per Ilj . 
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2.5.1. Local structure around an almost regular point. Burago, Gromov 
and Perelman proved that a neighborhood of an almost regular point 
is almost isometric to an open subset of Euclidean space. 

Theorem 2.16 ( |BGP] . |0S] ). For n G N, there exists a positive num- 
ber 5„ > satisfying the following: Let X he an n-dimensional Alexan- 
drov space with curvature > —1. For < d < 5n, if x & X is an 
{n, 6) -strained point with a strainer {pa}a=±i,...,±n of length i, then the 
two maps 

(2.5) ip := {d{pa, ■))a=l,...,n 

-^(«^(i^L,*'-)''«"<^^))„. „ 

on B{x,r) for small r > are both {9n{6) + 9 ^{r /€))- almost isometrics, 
where e is so small with e ^ r/i. Here, 6n{S) is a positive function 
depending on n and 5 such that lim5_^o^n(^) = 0. 

Lemma 2.17 (^ conv| Lemma 1.8]). Let M he an n-dimensional 
Alexandrov space and 6 be taken in Theorem \2.16[ For any {n,6)- 
strained point p G M, there exists r > satisfying the following: For 
every q G B{p,r/2) and C ^ there exists x,y ^ B{p,r) such that 

(2.7) \xq\, \yq\ > r/4, 

(2.8) \x'^,^\<9{5,r), 

(2.9) Zxqy> 71-9(5, r). 

Lemma 2.18 (jY conv| Lemma 1.9]). Let M, p, r and 6 be taken in 
Lemma 2.11\ For every q E M with r/10 < \pq\ < r and for every 
X G M with \px\ <^ r, we have 

\Zxpq — Zxpq\ < 9{S,r, \px\/r). 

2.5.2. Splitting Theorem. Splitting theorem is an important tool to 
study the structure of nonnegatively curved spaces. 

Theorem 2.19 (Splitting Theorem |Milka] ) . Let X be an Alexandrov 
space of curvature > 0. Suppose that there exists a line 7 : M — X. 
Then there exists an Alexandrov space Y of curvature > such that X 
is isometric to the product F x M. 

Theorem 2.20. // an Alexandrov space S of curvature > 1 has the 
maximal diameter tt, then S is isometric to the metric suspension S(A) 
over some Alexandrov space A of curvature > 1. 

Corollary 2.21. If an n-dimensional Alexandrov space T, of curvature 
> 1 has the maximal radius ir, then S is isometric to a unit n-sphere 
of constant curvature = 1 . 

Remark 2.22 ([M])- Splitting theorem and Corollary 12.211 hold even 
for infinite dimensional Alexandrov spaces. 



COLLAPSING THREE-DIMENSIONAL ALEXANDROV SPACES 19 



2.5.3. Convergence and Collapsing theory. Yamaguchi proved the fol- 
lowing two Theorems 12.241 and I2.25[ for Alexandrov spaces converging 
to an almost regular Alexandrov spaces, which are counterparts of Fi- 
bration theorem |Y91j in the Riemannian geometry. 

Definition 2.23. A surjective map f : X ^ Y between Alexan- 
drov spaces is called an e-almost Lipschitz submersion if / is an e- 
approximation, and for any x,y E X setting 9 := Z^^y'^jH^Uj.), then 
we have 

\xy\ 

where := /"^(/(x)). 

A surjective map f : X ^ Y is called an e-almost isometry if for any 
X, y E X we have 

\xy\ 

Theorem 2.24 (Lipschitz submersion theorem, jY convj ). For n G N 

and rj > 0, there exist 6n, £n{v) > satisfying the following. Let 
M", X'' be Alexandrov spaces with curvature > —1, dimM" = n, 
and dimX'^ = k. Suppose that 6-strain radius of X > rj. Then if 
the Gromov-Hausdorff distance between M and X is less than e < 
Enirj), then there is a 6{6,e)-almost Lipschitz submersion f : M X . 
Here, 6{6,s) denotes a positive constant depending on n,r] and 6,e and 
satisfying lims^e~^o9{6,e) = 0. 

When M is almost regular (and X has nonempty boundary). The- 
orem [2211 deforms as Theorem 12.251 below. Let X be a /c-dimensional 
complete Alexandrov space with curvature > —1 having nonempty 
boundary. Let X* be another copy of X. Take the double dbl {X) = 
X U X* of X. The double dbl (X) is also an Alexandrov space of cur- 
vature < —1. A (/c, (5)-strainer {(aj,6j)} of dbl(X) at p e X is called 
admissible if ai,bj G X for 1 < i < k, 1 < j < k — 1 {bk may be 
in X* if p G dX for instance). Put Rf{X) the set of all admissible 
{k, 5)-strained points in X. 

Let y be a closed domain of Rf{X). For a small > 0, we put 

Y^ := {x eY\d{x,dX) > v}. 

And we put 

d^Y, ■= Y, n {dQx = ly}, intoF. := Y, - O^Y,. 

The admissible 5-strained radius 5^-str.radx at p G X is the supre- 
mum of the length of all admissible (5-strainers at p. The admissible 
5-strained radius (J'^-str.rad {Y) of a subset y C X is 

5^-str.rad (y ) := inf (5^-str.rad ». 
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Theorem 2.25 (Fibration Theorem ( [Y 4-diiri] Theorem 1.2])). Given 
k and > 0, there exist positive numbers S = Sk, £k{f^) and v = Uk^jj) 
satisfying the following: Let he an Alexandrov space with curvature 

> —I of dimension k. Let Y C Rf{X) he closed domain such that 
^D-str.rad {Y) > fi. Let M" he an Alexandrov spaces with curvature 

> —1 of dimension n. Suppose that Rs„{M"') = for some small 
6n > 0. If dGH{M,X) < e for some e < £fc(/i), then there exists a 
closed domain N G M and a decomposition 

N = iVint U iVcap 

of N into two closed domains glued along their boundaries and a Lips- 
chitz map f : N ^ such that 

(1) iVint is the closure of f~^ {into Y^), and A^cap = f~^{doY^); 

(2) both the restrictions f\nt := /I^Vi^t : iVint Y^ and /cap := 
/Ucap : ^cap doY^ are 



(a) locally trivial fiber bundles (see Definition 2.31 ); 

(b) 9{5,i>, e / i>)-Lipschitz submersions. 

Remark 2.26. If dX = then Nca,p = ^ in the statement of Theorem 

The following theorem is a fundamental and important tool to study 
a local structure of collapsing Alexandrov spaces. 

Theorem 2.27 (Rescaling Argument |Y ess] . [SYOOj . |Y 4-dimj ). Let 

Mi, z = 1,2, . . . be a sequence of Alexandrov spaces of dimension n 
with curvature > — 1 and X be an Alexandrov space of dimension k 
with curvature > —1 and k <n. Let pi G Mj and p G X. Assume that 
{Mi, Pi) converges to {X,p). And r > is small number depending on 
p. Assume that the following: 

Assumption 2.28. For any pi with d{pi,Pi) — and for any suffi- 
ciently large i, B{pi,r) has a critical point for distp. 

Then there exist a sequence 6i of positive numbers and pi G Mj 
such that 

• d{pi,pi) — )■ as z — )■ oo; 

• for any limit Y of {j-Mi,pi), we have dimF > A; + 1. 

• dimS* < dimF — dimX, where S is a soul ofY. 

Remark 2.29. If a sequence of B{pi,r) metric balls dose not satis- 
fies Assumption 12.281 then by Stability Theorem 12.341 B{pi,r) (resp. 
U{pi,r)) is homeomorphic to the closed cone Ki{T,p.) (resp. the open 
cone K{'Ep.)) over the space of directions Sp- for some pi G Mj with 
d{pi,pi) tending to zero. 

Fukaya and Yamaguchi proved the following. 
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Theorem 2.30 ( |F Yj . |Y conv] ). For n G N, there exists > sat- 
isfying the following. Suppose that an n- dimensional Alexandrov space 
with curvature > —1 and diamM" < En- Then, the fundamental 
group 7ri(M"') is almost nilpotent, i.e. -7ri(M") has a nilpotent subgroup 
of finite index. 

Remark 2.31 ( |Y conv] ). In Fibration Theorems 12.241 and I2.25[ the 

fiber is connected and has an almost nilpotent fundamental group. 

2.5.4. Perelman's Morse theory and Stability theorem. In this section, 
we mainly refer to |Per Ilj . 

Definition 2.32 ( [Per II] ). Let f = {fi, ■ ■ ■ fm) ■ U ^ be a map 

on an open subset U of an Alexandrov space X defined by fi = d{Ai, •) 
for compact subsets Ai C X. The map / is said to be {c,e)-regular at 
p G f/ if there is a point w E X such that: 

(1) Z((A);,(A,);)>7r/2-e. 

(2) Z(^;,(A,);)>7r/2 + c. 

Theorem 2.33 ( [Per Ilj ). Let X be an finite dimensional Alexandrov 
space, U G X an open subset, and let f be {c,e) -regular at each point 
of U . If e is small compared with c, then we have: 

(1) f is a topological submersion (see Definition \2.31\) . 

(2) /// is proper in addition, then the fibers of f are MCS-spaces. 
Hence f is a fiber bundle over its image. 

Here, a metrizable space X is called an n-dimensional MCS-space 
if any point p E X has an open neighborhood U and there exists an 
(n — l)-dimensional compact MCS-space E such that {U,p) is a pointed 
homeomorphic to the cone (i^(S), o), where o is the apex of the cone. 
Here, we regarded the (— l)-dimensional MCS-space as the empty-set, 
and its cone as the single-point set. 

Perelman proved the stability theorem: 

Theorem 2.34 (Stability theorem [Per II] (cf. jKap Stab] )). LeiX" be 
a compact n-dimensional Alexandrov space with curvature > n. Then 
there exists 6 > depending on X such that if Y"' is an n-dimensional 
Alexandrov space with curvature > n and dGH{X,Y) < S, then Y is 
homeomorphic to X . 

In addition, let A G X be a compact subset, and let A' G Y be a 
compact subset. Then there exists 6 > depending {X, A) satisfying 
the following. Suppose that there is a 6 -approximation f : Y X such 
that f{A') G A and f\A' is a S- approximation. If t G (0,sup(i^) is a 
regular value of d^, then S{A.,t) is homeomorphic to S{A'.,t). Here, 
we say that t is a regular value if dA is regular on S{A.,t). 

In particular, every points in a finite dimensional Alexandrov space 
have a cone neighborhood over their spaces of directions. 
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Theorem 2.35 ( |Per Ilj ). // an n- dimensional Alexandrov space 
of curvature > 1 has diameter greater than ti/2, then S is homeomor- 
phic to a suspension over an (n — 1)- dimensional Alexandrov space of 
curvature > 1. 



Theorem 2.36 ( |Per Ilj . Pet Appl| , [GPj ). If an n- dimensional Alexan- 



drov space S" of curvature > 1 has radius > 7r/2 then S is homeomor- 
phic to an n-sphere. 

2.5.5. Preliminaries from Siebenmann's theory in jSiej . 

Definition 2.37. A continuous map p : E —> X between topological 
spaces is called a topological submersion (or called a locally trivial fiber 
bundle) if for any y & E there are an open neighborhood U of y in the 
fiber p~^{p{y)), an open neighborhood of p{y) in X, and an open 
embedding f : U xN E such that pof is the projection U x N ^ N. 
We call the embedding f : U x N E a. product chart about U for p, 
and the image f{Ux N) a product neighborhood around y. 

A surjective continuous map p : E ^ X of topological spaces is called 
a topological fiber bundle if there exists an open covering {Ua} of X, 
and a family {Ea} of topological spaces, and a family {(pa : P~^{Ua) — > 
Ua X Ea} of homeomorphisms such that projj;^ ° ¥^a = p\p-^(Ua) holds 
for each a. Here, proj^^ is the projection from Ua x Ea to Ua- 



A finite dimensional topological space Y is said to be a WCS-set [Siel 
§5] if it satisfies the following (1) and (2): 

(1) Y is stratified into topological manifolds, i.e., it has a stratifi- 
cation 

Y ■ ■ ■ F*'"-' D y'^""-^) D ■ ■ ■ Y^^^^ = ^, 

such that - is a topological ra-manifold without 

boundary. 

(2) For each X G there are a cone C with a vertex w and 
a homeomorphism p : M" x C — )■ F onto an open neighborhood 
of X in F such that p"i(F(")) = M" x {v}. 

From the definition, we can see that an MCS-space is a WCS-set. 



Theorem 2.38 (Union Lemma jSiej ). Let p : E X be a topological 
submersion and E = p^^{xo) the fiber over xq G X . We assume that E 
is a WCS-space. Let Ai and A2 be compact sets in E. Let ipi : UxNi 
E be a product chart about U for an open neighborhood Ui of Ai in E , 
and i = 1,2. Then there exists a product chart ip : U x N ^ E about 
U ^ AiVJ A2 in E such that 



Lfi near Ai x {xq}, 

(f2 near {A2 - Ui) x {xq}. 
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Theorem 2.39 ( |Sie] ). Let p : E X he topological submersion. We 
assume that p is proper and all fibers of p are WCS-spaces. Then p is 
a topological fiber bundle overp{E). 

We provide the foUowing lemma that wiU be used in Section [51 

Lemma 2.40. Let f : E ^ be a fiber bundle, and the fiber 

F := /^^(O) be a WCS-space. Let U d F be an open subset, and 
A G U be a closed subset. Suppose that if : U x [0,1] ^ E is a product 
chart about U forf. Then there exists a product chart x : Fx [0, 1] — )■ i? 
such that 

X = If on A X [0, 1]. 
In particular, E — (f{A x [0, 1]) is homeomorphic to {F — A) x [0, 1]. 

Proof. We may assume that E = F x [0,1] and / is the projection onto 
[0, 1]. Let ip : U X [0,1] ^ F X [0, 1] be a product chart about U. Using 
Union Lemma [2.381 and the compactness of [0, 1], we will construct an 
extension of v^Uxfo,!] to a product chart defined on F x [0, 1]. 

By Union Lemma [2.381 for any t G [0, 1], there exist an open neigh- 
borhood Nt of t in [0, 1], and a product chart 

V'^*^ : Fx Nt^ E 

such that 

By the Lebesgue number lemma, there is n G N such that, setting 
Ik := [k/n, {k+l)/n], {/fc}fc=o,i,...,n-i is a refinement of an open covering 
{A^i}tg[o,i] of [0, 1]. Namely, for A; = 0, 1, . . . , n — 1, there is t^ G [0, 1] 
such that Ik C N^^. Let us set 

For t G Ik, let us define a homeomorphism ip^ : F ^ F hj the equality: 

^\x,t) = {ijt{x),t). 

Gluing these local product chart ip'', we construct the required product 
chart X follows. We inductively define a homeomorphism Xt '■ ^ ^ 
Fhj 

Xt = i^t for t G Jo, 

X*' = o o xlj^ for telk,k>l. 

For k = 0,1, . . . ,n — 1 and (x, t) E F x Ik, we define 

X{x,t) := 

One can easily check that 

X = ^on Ax [0,1]. 
Namely, x'- F ^ [0? 1] ~^ -E' satisfies the conclusion of the lemma. □ 
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2.6. Differentiable structures of Alexandrov spaces. Otsu and 
Shioya |OSj proved that any Alexandrov space has a differential struc- 
ture and a Riemannian structure in a weak sense. 

Definition 2.41 ( [Per DC] ). Let U C M" be an open subset of an 
Alexandrov space M. A locally Lipschitz function f :U — !■ M is called 
a DC-function if for any x & U there exist two (semi-) concave functions 
g and h on some neighborhood V of x in U such that f = g — h onV . 
A locally Lipschitz map / = (/i, . . . , /^) : U — ?■ M™ is called a DC-map 
if each /j is a DC-function. 

In [KMSl §2.6], they formulated a general concept of structure on 
topological spaces. 

Definition 2.42 ( [KMS] ). For an integer n > 0, we consider the family 

J-" = { J^{U ] A)\U C M" is an open subset and A <zU a. subset } 
such that 

(i) each J-'(f/; A) is a class of maps from U to R"-, 

(ii) if A D 5, then J^(f/; A) C 7{U- B), 

(iii) if / G J^{U; A), g e J^iV] B), and f{U) C V, then 

gofeJ^{U;Anr\B)). 
The following are examples of J-" = {J^(f/ ; ^)}- 

(Class C^) Let C^(?7; A) be the class of maps from U to which are 
on A, i.e., they are differentiable on A and their derivatives are 
continuous on A. 

(Class DC) Let L'C(f/; A) be the class of maps from U to M'^ which 
are DC on some open subset O C M*^ with A G O G U. 

Let X be a paracompact Hausdorff space, Y (Z X a. subset, and J-" 
as above. We call a pair (f/, y?) a local chart of X if f/ is an open subset 
of X and if (yj is a homeomorphism from U to an open subset of M". A 
family A = {{U, (f)} of local charts of X is called an J^-atlas onY G X 
if the following (i) and (ii) hold: 

(ii) If two local charts (f/, ip), (V, tp) e A satisfy f/ n V 7^ 0, then 

o G -F(^(f/ n v); ifiunvn y)). 

Two J^-atlases A and on F C A are said to be equivalent if ^ U 
is also an J-'-atlas onY G X. We call each equivalent class of J-'-atlases 
on y C A an J^-structure on F C A. 

Assume that Y = X. Then, an J-'-structure on F C A is simply 
called an J^-structure on X. If there is an J-'-structure on A then, A is 
a topological manifold. We call a space equipped with an J^-structure 
an T -manifold. Notice that J-'-manifolds for T = C^ are nothing more 
than C^-differentiable manifolds in the usual sense. 
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Let be an n- dimensional Alexandrov space. Fix a number 6 > 
with 6 <^ 1/n. By Theorem 12. 16^ for any x G M — Ss{M), we obtain 
a local chart {U,(p), U = U{x,r). The family Aq of all the (f/, (^)'s on 
M induces: 

Theorem 2.43 ([OS]). T/iere exzsfo a C^-structure on M-S{M) C M 
containing Aq. 

Theorem 2.44 ( |Per DCj ). There exists a DC-structure on M—Ss{M) C 
M containing Aq ■ 

Thus, M — Ss{M) is a Z^C^-manifold with singular set S{M) in the 
following sense. 

Definition 2.45 ( |KMS| §5]). A paracompact topological manifold V 
with a subset S* C is said to be a DC^-manifold with singular set S if 
V possesses a DC-atlas AonV which is also a C^-atlas onV — ScV. 
We say that each local chart compatible with the atlas ^ is a DC^ -local 
chart. 

Let V be an another DC^-manifold with singular set S' . A map 
f : V ^ V is called a DC^-map if for any DC^-local chart [U', if') 
of V, (/~^(f/'), o /) is a Z^C^-local chart of V. A homeomorphism 
f : V ^ V is called a DC^ -homeomorphism if / and are DC^- 
maps. 

Using Otsu's method [O], Kuwae, Machigashira and Shioya |KMSj 
proved that an almost regular Alexandrov space has a smooth approx- 
imation by a Riemannian manifold. 

Theorem 2.46 ( [KMSj . cf. [Q]). For any n G N, there exists a positive 
number > depending only on n satisfying the following: If C is a 
compact subset in an n-dimensional Alexandrov space M with curva- 
ture > —1, and it is e-strained for e < En, then there exist an open 
neighborhood U{C), a C°° -Riemannian n-manifold N{C) with C°°- 
Riemannian metric gN{c), o-nd a 9 [e) -isometric DC^ -homeomorphism 
f : U{C) N{C) such that gN{c){df{v),df{w)) = {v,w) + 9{e) for any 
v,w & TjxU{C) and X G U{C). Here, (■, ■) is the inner product ofT^M. 

Remark 2.47. Otsu [U] proved this theorem for any Riemannian man- 
ifold M with a lower sectional curvature bound and having small excess. 

We will review the proof of Theorem 12.461 in the proof of Theorem 
13.21 in Section [31 It is important and needed in our proof of Theorem 

m 

2.7. Generalized Seifert fiber spaces. To describe results obtained 
in the present paper we define the notion of a generalized Seifert fiber 
space. 

Definition 2.48. Let and be a three-dimensional and two- 
dimensional topological orbifolds possibly with boundaries, respectively. 
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A continuous map / : M — X is called a generalized Seifert fibration 
if there exists a family {cx}x£X of subset of M such that the following 
properties holds: 

• The index set of {c^} is X. Each x & X, f~^{x) = c^. 

• Each Cx is homeomorphic to a circle or a bounded closed inter- 
val. Cx are disjoint and 

U = M. 

• For each x G X, there exists a closed neighborhood f/^; of x such 
that f/a; is homeomorphic to a disk, and putting := f~^{Ux)i 
Vx satisfies the following. 

(i) If Cx is topologically a circle, then : — )■ t/j: is a 
Seifert fibered solid torus in the usual sense. 

(ii) If Cx is topologically a bounded closed interval, then there 
exist homeomorphisms ipx '■ Vx ^ -B(pt) and 4>x '■ Ux ^ 
Ki{Sl), which preserve the structure of circle fibration 
with singular fiber. Namely the following diagram com- 
mutes. 

{Vx,cx) ^ {B{pt),p~\o)) 



f\ 



P 



iUx.x) {K,{Sl),o) 

Here, -B(pt) = x D"^ 12,2 is the topological orbifold de- 
fined after Theorem 11.71 and p is a canonical projection. 
• If dX has a compact component C, then there is a collar neigh- 
borhood X of C in X such that /|/-i(Ar) is a usual circle fiber 
bundle over N . 

We say that a three-dimensional topological orbifold M is a gen- 
eralized Seifert fiber space over X if there exists a generalized Seifert 
fibration f : M ^ X. Each fiber f~^{x) = Cx of f is often called an 
orbit of M. An orbit Cx is called singular if is a usual Seifert solid 
torus of (/i, z/)-type with fi > 1 or if Cx is homeomorphic to an interval. 

2.8. Soul Theorem from |SY00j with complete classification. In 

this subsection, we recall the soul theorem for open three-dimensional 
Alexandrov space of nonnegative curvature, obtained in [SYOOj . And, 
we classify the geometry and topology of open three-dimensional Alexan- 
drov spaces of nonnegative curvature having two-dimensional soul to- 
gether with some new precise arguments. The soul theorem is very 
important to determine the topology of a neighborhood around a sin- 
gular point in a collapsing three-dimensional Alexandrov space. 

Definition 2.49. Let M" be an n- dimensional noncompact Alexan- 
drov space with nonnegative curvature. For a ray 7 : [0, 00) — )■ M in 
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M, we define the Busemann function 6^ : M — !■ M with respect to 7 as 
follows: 

bJx) := lim d{'y(t), x) —t 

for X G M. Fix a point p & M and define the Busemann function 
: M — M wzi/i respect to p by 

:= inf b^{x) 

7 

for a; G M. Here, 7 runs over all the rays emanating from p. The 
Busemann functions and b are concave on M. 

We denote by C(0) the set of all points attaining the maximum value 
of b: 

C(0) := rVmaxfe). 

M 

Since b is concave, C(0) is an Alexandrov space possibly with boundary 
of dimension less than n. If C(0) has no boundary, we call it a soul 
of M. Inductively, ii C{k), k > 0, has the non-empty boundary, we 
define C{k + 1) the set of all points attaining the maximum value of 
the distance function distsc{k) from the boundary dC{k): 

C{k + 1) := distg(i(^)(maxdistac(fc))- 

Since distdc{k) is concave on C{k), C{k + 1) is also an Alexandrov 
space of dimension < dimC(A;). Since M has finite dimension, this 
construction stop, i.e., dC{k) = for some k > 0. Then we call such 
C{k) a soul of M. 

Proposition 2.50 f |Per Ilj . cf. |Pet Semil §2]). For any open Alexan- 
drov space M of nonnegative curvature and its soul S , there is a Shara- 
futdinov's retraction from M to S . In particular, S is homotopic to M. 

2.8.1. Soul Theorem. We recall that a noncompact Alexandrov space 
without boundary is called open. In this section, we state Soul Theorem 
for open three-dimensional Alexandrov spaces of nonnegative curvature 
obtained in |SYOO] . And we define examples of open three-dimensional 
Alexandrov spaces of nonnegative curvature which are not topological 
manifolds, and study those topologies. 

First, we shell prove a rigidity result for the case that a soul has 
codimension one. This is a generalization of |SY00t Theorem 9.8(2)]. 

Theorem 2.51. Let M be an n-dimensional open Alexandrov space 
and S be a soul of M. Suppose that dimS* = n — 1 and S has a one- 
normal point. Let B = B{S,t) be a metric ball around S of radius 
t > 0. Then, the metric sphere S := dB equipped with the induced 
intrinsic metric is an Alexandrov space of nonnegative curvature. And, 
S has an isometric involution a such that S/a is isometric to S and 
M is isometric to S x t) ~ {(^{x), —t). 
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Proof. Let us denote by 

a canonical projection. Namely, for x G M, we set 7r(x) G 5 to be 
the nearest point from x in S. We use rigidity facts on the vr referring 
[SYOOl §9] and |Y 4- dim] §2], for proving the theorem. 

Assertion 2.52. S satisfies the following convexity property: Forx,y G 
S with \xy\ < 2t, any geodesic 7 between x and y in M is contained in 
S. In particular, S with the induced intrinsic metric is an Alexandrov 
space of nonnegative curvature. 

Proof of Assertion \2. 5B, Since \xy\ < 2t, 7 does not intersect S. From 
the totally convexity of B, we have 7 C -B. Let us consider a curve 
7 := TT o 7 on 5*. Let cr^ denote a unique ray emanating from 7(5) 
containing 7(s). By |Y 4-diml Proposition 2.1], 

U:= [j a, 

se[0,\xy\] 

is a flatly immersed surface in M. Moving 7 along with H, we obtain a 
curve 7 contained in S. This is a lift of 7 via it : S S. Therefore, we 
obtain ^(7) = ^(7) < ^(7) = \xy\. Suppose that 7 is not contained in 
S. It follows from the construction of 7 and |Y 4-diml Proposition 2.1], 
one can show that 1^(7) < -^(7)- This is a contradiction. Therefore, 7 
must coincide with 7. □ 

Now, we denote by d the induced intrinsic metric on S. Assertion 
12.521 says that {S, d) is an Alexandrov space of nonnegative curvature. 
Let us denote hy ii : S S the restriction of vr on S. Let S't^^o 
(resp. 5'one) denote the set of all two-normal (resp. one-normal) points 
in S. And we set S'two := T^^^{Stwo) and 5'one := 7r~^(5'one)- Then, 
TT : S'two — Stwo is a two-to-one map, and tt : 5'one — ^ 5'one is a one-to- 
one map. 

Let us consider S'^eg := 5' fl Ml^^ for a small 5 > 0, which is open 
dense in S. Note that since any one-normal point is an essentially 
singular point |SY00j . S^^g is contained in S'two- By [Pet Para] . 5'reg 
is convex, and hence, it is connected. We set S'reg := vr"^ (5'reg). The 
restriction 

is a double covering. We define an involution cr on Sj;cg as the non- 
trivial deck transformation of fr : S'reg S'reg. By using |Y 4- dim] 
Proposition 2.1], we conclude that a is a local isometry. Hence, there 
is a continuous extension of a on the whole S. We denote it by the same 
notation cr. Then, a on {S, d) is also a local isometric involution. We 
note that a on Sone is defined as the identity. From the construction, cr 
is bijective. Therefore, a is an isometry on S with respect to d. We now 
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fix the metric d on S. By the construction, S /a and S are isometric to 
each other. 

Let us consider the quotient space N := S x R/(x, s) ~ {cr{x), —s), 
which is an open Alexandrov space of nonnegative curvature. We define 

: iV — )■ M as sending [x, t] ^ N to x & S. By the construction, (f is 
an isometry. □ 

Example 2.53 ( [SYOOl p. 39]). For a nonnegatively curved closed Alexan- 
drov surface S and pi,P2 ■ ■ ■ ,Pk ^ S {k & Z>o), we denote by L{S; k) = 
L{S;pi,p2 . . ■ ,Pk) an open three-dimensional Alexandrov space of non- 
negative curvature (if it exists) satisfying the following. 

(1) pi, P2, ■ ■ ■ ,Pk are essential singular points in S, and S is iso- 
metric to a soul of L{S; k). Hereafter, 5* is identified a soul of 
L{S-k). 

(2) {pi, . . . , pk} is the set of all topological singular points in L{S; k). 

(3) There is a continuous surjection tt : L{S\ k) ^ S such that for 
X & S — {pi, . . .pfc}, 7r~^(a;) is the union of two rays emanating 
from X perpendicular to S; and for x e {pi, . . .p^}, 7r~^(x) is 
the unique ray emanating from x perpendicular to S. 

(4) The restriction tt : ti^^{S — {pi, . . - Pk}) S — {pi, . . .pk} is a 
line bundle. 

Proposition 2.54 ([SYOOl Proposition 9.5], cf. |Y 4-dimi §17]). If k > 

1, then any space L{S; k) is one of L{S'^;2) , L(P^;2) and L{S'^;4). 

Remark 2.55. There is an error in Proposition 9.5 (and Theorem 9.6) 
in |SYOO] . Actually, a space L{S; 1) can not exist, and a space L{S; 2) 
can have a soul homeomorphic to P^. See |Y 4-dim] §17]. 



Proof of Proposition l2754\ Since > 1, by Theorem I2.68[ S is homeo- 



morphic to 5^ or P^. Moreover, if S" ~ S"^, then we have k < 4; and if 
S ^ P2, then k<2. 

We consider the case that S* ~ P^. Suppose that k = 1. Let p ^ S 
be a unique topological singular point in L{S; 1). Let vr : L{S; 1) ^ S 
be a surjection obtained in Example 12.531 For a neighborhood B of p 
in S homeomorphic to D^, the restriction 

vr : TT-\B) B 

is fiber- wise isomorphic to ttq : x M/Z2 — )■ P'^/Z2 such that p & B 
corresponds to the origin of D'^ jTj2- Here, P*^ x M/Z2 denotes the 
quotient space of i^^ x M by an involution (x, t) t-)- (— a;, — t), D'^ 11^2 
denotes the quotient space of by an involution x 1— — x which is 
homeomorphic to a disk, and ttq is a canonical projection ttq : [x, t] 1— ?• 
[x]. In particular, Ott^^^B) is homeomorphic to a Mobius strip S'^xM. 
On the other hand, B' := S* — int P is homeomorphic to Mo. Then, the 
restriction it : 7r"^(P') ^> P' is a line bundle over Mo. In particular, 
it is trivial over dB'. Namely, we have d'K~^{B') S*^ x M. This 
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contradicts to diT^^{B) ^ S^xM. Therefore, we obtain that if S* ~ 
then k = 2. 

By a gluing argument as above, if 5 ~ S"^, then = 2 or 4. □ 

Exphcitly, we determine the topology of L{S; k). 

Corollary 2.56. L{S'^;2) is isometric to S"^ x M/(x,s) ~ {a{x),—s), 
where S*^ is a sphere of nonnegative curvature in the sense of Alexan- 
drov with an isometric involution a such that S"^ /a is isometric to the 
soul ofL{S^-2). 

L(P^; 2) is isometric to x M/(x, s) ~ (cr(x),— s), where is 
a flat Klein bottle with an isometric involution a such that K'^ ja is 
isometric to the soul of L{P'^;2) . 

L(5'^;4) is isometric to x s) ~ {a{x), —s) , where is a 

flat torus with an isometric involution a such that T'^/a is isometric 
to the soul ofL{S^;A). 

Proof. To prove this, it suffices to determine the topology of a metric 
sphere around the soul of any L{S]k). For any L{S]k), we denote 
by B{S] k) a metric ball around S. Let us denote by vr a canonical 
projection 

TT : B{S; k) S. 

Namely, for x G S", 7r(x) is the nearest point from x in S. 

We consider the case that S ^ S"^ and k = 2. Let pi,p2 G S* be 
the topological singular points of L^S"^; 2) in S. We divide S into Di 
and D2 such that each Di is a disk neighborhood of pi and Di fl D2 
is homeomorphic to a circle. Then, for i = 1,2, there is a homeo- 
morphism ipi : 7r~^(Dj) D"^ x [— s) ~ (— x, — s). The glu- 
ing part 7r~^{Di (1 D2) of tt^^{Di) and tt^^{D2) is homeomorphic to a 
Mobuis band Mo. Since the space x [— 1, l]/~ is homeomorphic to 
Kii^P"^), we obtain that B{S^]2) = Tr~\Di) U 71-^(02) is homeomor- 
phic to Ki{P^) UMoKiiP^) (see Remark EHSl before). Then, dB{S^; 2) 
is homeomorphic to a gluing of two copies of P^ — int(Mo) ~ D^. 
Therefore, dB{S^; 2) ^ S\ 

We consider the case that S ^ P^ and k = 2. Let pi,p2 G ^S" 
be the topological singular points of L^P"^; 2) in S. We take a disk 
neighborhood D of {pi,P2} in S. Let us divide D into Di and D2 such 
that each Di is a disk neighborhood of Pi and Dir\D2 is homeomorphic 
to an interval. Then, 7r~^(Di fl D2) is homeomorphic to D^. Hence, 
Ti-\D) = 7r-\Di) U 7r-i(P)2) is homeomorphic to Ki{P^) Ud^ Ki{P^) 
(see Lemma 12.611) . By Lemma 12.611 dTi~^{D) is homeomorphic to a 
Klein bottle. Since tt is a non-trivial /-bundle over ODi for i = 1,2, 
it is a trivial /-bundle over dD. Then, Ti~^{dD) ^ x L Let us set 
A := dB{P^] 2) n Tx^^{D). Since D has singular points pi and p2 of the 
projection vr, A is connected, and hence A is homeomorphic to S*^ x /. 
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Let us set D' := S — miD which is homeomorphic to Mo. Then, 
Ti^^i^D') is homeomorphic to a total space of an /-bundle over Mo, 
which is Mo X J or MoxJ. Let us set A' to be dB{P^; 2) fl tx~^{D'). 
Therefore, if -K'^iD') ^ Mo x J, then A' is a disjoint union of two 
Mobius bands, and if 'k^^{D') MoxJ, then A! is homeomorphic to 
X /. Then, dB{P^; 2) = AuA' is homeomorphic to a Klein bottle if 
7r^^{D') ^ Mo X /, and is homeomorphic to x I Uq x I which is a 
torus or a Klein bottle if 7r"^(D') MoxJ. Suppose that dB{P'^; 2) is 
homeomorphic to T^. By Theorem 12.511 there is an involution on 
having only two fixed points. This is a contradiction (see [Nl Lemma 
3]). Therefore, dB{P^-2) ^ K^. 

We consider the case that 5 ~ 5^ and k = A. Let Pi,P2,P3,Pi £ S 
be all topological singular points of L{S'^] 4). Let D and D' be domains 
in S homeomorphic to a disk such that int D (resp. int D') contains pi 
and p2 (resp. p^ and ^4), D fl is homeomorphic to a circle and S = 
DUD'. Let us denote 95(^2.4) p^-ip) (^^gp^ dB{S^; 4) nn^^D')) 

by A (resp. A'). By repeating an argument similar to the case that 
L[S]k) = L(p2;2), we obtain that A and A' are homeomorphic to 
5"^ x /. Then, dB{S'^\ 4) = A' is homeomorphic to a torus or a Klein 
bottle. Suppose that dB{S'^;4) is homeomorphic to K^. By Theorem 
12. 51^ there is an involution on having only four fixed points. This 
is a contradiction (see [Nl Lemma 2]). Therefore, dB{S'^;4) ^ T^. □ 

Remark 2.57. Since involutions on closed surfaces are completely clas- 
sified [Nj, the topology of each L{S; k) is unique. 

For any space L{S\ k), we denote a metric ball around S in L{S; k) 
by B[S] k). The topology of any B{S] k) as follows. 

Corollary 2.58. 5(5^; 2) is homeomorphic to S^x[-l, Ij/Zs; B{P^- 2) 
is homeomorphic to x [— 1, 1]/Z2; and B{S'^;A) is homeomorphic 
to X [— 1,1]/Z2. Here, all 'L2-actions are corresponding to ones of 
Corollary \ 2. 5 (A 

Theorem 2.59 (Soul theorem (Theorem 9.6 in |SYOO] )). Let Y be a 

three-dimensional open Alexandrov space, and S he an its soul. Then 
we have the following. 

(1) //dim 5 = 0, then Y is homeomorphic to M.^ , or the cone K^P"^) 
over the projective plane P^ , or Mpt which is defined in Example 

(2) //dim 5 = 1, then Y is isometric to a quotient (M x N)/A, 
where N is an Alexandrov space with nonnegative curvature 
homeomorphic to and A is an infinite cyclic group. Here, 
the A-action is diagonal. 

(3) If dim S = 2, then Y is isometric to one of the normal bundle 
N{S) = L{S; 0) over S, L{S; 2) and L{S; 4). 
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We will define examples of L{S^; 2), L{P^; 2) and L{S^; 4) in Exam- 
ple EMI 



Example 2.60 ( |SY00t Example 9.3]). Let F be a group of isome- 
tries generated by 7 and a on M.^. Here, 7 and a are defined by 
'j{x,y,z) = —{x,y,z) and a{x,y,z) = (x + l,y,z). Then we obtain 
an open nonnegatively curved Alexandrov space M^/F. This space is 
isometric to Mpt in Example ll.2[ 

We denote by -B(pt) a metric ball B{pQ, R) around a soul of ^pt = 
/T for large -R > 0. Remark that -B(pt) is homeomorphic to S*^ x 
D'^/{x,v) ~ {x,—v). We can check that -B(pt) is one of Ki{P'^) U/52 



Ki(p2). Here, Ki{P'^)Ud^Ki{P'^) denotes the gluing Ki{P'^)U^Ki{P'^) 



of two copies Ki{P'^) along domains Ai and A2 homeomorphic to 
contained in dKi{P'^) ^ P^ via a homeomorphism ip : Ai ^ A2. We 
show that the topology of Ki^P"^) U£,2 Ki(P^) does not depend on the 
choice of the gluing map. 

Lemma 2.61. For any domains Ai and A2 which are homeomorphic 
to contained in dKi^P"^) and any homeomorphism if : Ai ^ A2, 
there is a homeomorphism 



Here, id : Aq ^ Aq is the identity of a domain Aq which is homem- 
orphic to contained in dKi[P'^). In particular, any such gluing is 
homeomorphic to -B(pt). 

Proof. Let Xi, X2 and Yi = Y2 be spaces homeomorphic to -ft'i(P^). Let 
us take domains Ai C dXi, A2 C 8X2 and Aq C dVi = dY2 which are 
homeomorphic to D^. Let us take any homeomorphism (f : Ai ^ A2. 

And let us fix a homeomorphism ifi : Ai ^ Aq. Then there is a 
homeomorphism 0i : dXi — )■ dVi which is an extension of (pi. By 
using the cone structures of Xi and Yi, we obtain a homeomorphism 
(fi : Xi ^ Yi which is an extension of (fi. Let us set ip2 '■= ° 
(f~^ : A2 Aq. By an argument similar to the above, we obtain a 
homeomorphism <^2 '■ ^2 Y2 which is an extension of (f2- And, we 
define a map <^ : Xi U<^ X2 Yi Uid. Y2 by 



Remark 2.62. We define a space Ki{P'^) UM6-f^i(P^) in a way similar 
to i^i(P^) i^i(P^). Let us consider domains Ai, A2 C dKi{P'^) 
P^ which are homeomorphic to a Mobius band Mo, and take a home- 
omorphism ip : Ai ^ A2. Then, we denote i^i(P^) U;^ i^i(P^) by the 
gluing Ki{P'^)Uu6Ki{P'^) for some gluing map (f. And by an argument 
similar to the proof of Lemma [2.611 the topology of i^i(P^) Um6-^'^i(-P^) 




This map is well-defined and a homeomorphism. 



□ 
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does not depend on the choice of the gluing map. We can show that any 
such gluing is homeomorphic to S"^ x [—1, l]/{v,t) ~ —t). Here, 

S"^ is regarded as {v = {x,y, z) & M.^ \ \v\ = 1} and a is an involution 
defined as a : {x,y,z) i— ?• {—x,—y,z). Further, it is homeomorphic to 
B{P^-2) (see Corollary ESHD . 

Ki^P"^) Ua Ki{P'^) denotes the gluing of two copies of -ft'i(P^) via 
a homeomorphism on dKi{P'^). This space has the same topology 
as A'i(P^) Uid Ki{P'^), where id is the identity on dKi{P'^), which is 
homeomorphic to the suspension S(P^) over P^. The proof is done by 
using the cone structure as in the proof of Lemma I2.61[ 

Example 2.63. We will define open Alexandrov spaces L2 and L4 as 
follows. Later, we show that is isometric to an L{S] k) for k = 2,4. 
Recall that Mpt is defined as 

M^,:=S'xRy{x,y)^x,-y) 

in Example IL2I We consider a closed domain M^^ of Mpt as 

M^t -=3^ X X R/a 

for some i > 0. Then, is a convex subset of Mpt, and hence it is 
an Alexandrov space of nonnegative curvature with boundary dM^^ = 
X M. 

We denote by L4 one of open Alexandrov spaces of nonnegative cur- 
vature defined as 

LM = M'^, U^M;. 

for an isometry (p on <9Mp^. Here, we use the following notation: For 
Alexandrov spaces A and A' whose boundaries are isometric to each 
other in the induced inner metric with an isometry if : dA — )■ dA', 
A A' denotes the gluing of A and A' via (f. 

We will show that L4 is L{S'^;4) (Lemma EH]). 

Let be the Alexandrov space defined by 

U2,i ■.= S'xRy{x,y)^{-x,-y). 

Let us set 

U'^^^ := X X M//3 c U2,i 

which is a convex subset of t/2,1 and hence it is an Alexandrov space 
of nonnegative curvature with boundary Sf/g 1 = 5*^ x M. Let us set 
^(f/^ J := ^1 X [-ij] X {0}//3. Note that ^(f/2,1) is isometric to a 
Mobius band Mo and U2 1 is isomorphic to an M-bundle over S{U2 1). 
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We define open Alexandrov spaces ^2,1; -^2,2 and ^2,3 of nonnegative 
curvature as 



-^2,1 


:= ^2,i(v5) 


= Kt 




f/2,1, 




-^2,2 


:= -^^2,2(v^) 


= Kt 






, and 


-^2,3 




= Kt 




Mo X 1 





Here, (p denotes a gluing isometry between tlie corresponding bound- 
aries. And D'^ denotes a two-disk of nonnegative curvature, Mo is a 
flat Mobius band. 

Let us define an Alexandrov space A of nonnegative curvature 

A := [-a, a] x [-b, b] x R/{v, s) ~ {-v, -s). 

Here, v G [—a, a] x [—6, b] and s G M. The boundary dA is isometric 
to 5"^ X M. We define an open Alexandrov space ^2,4 of nonnegative 
curvature as 

L2A = L24ip) = AU^A 
for some isometry (p on dA. 

We will prove that L2,i and ^2,3 are L(P^;2) and ^2,2 and ^2,4 are 
L(S2;2) (Lemma [2S5D. ' ' 

From now on throughout this paper, we denote by L2 one of L2,i, 

-^2,2; -^2,3 and iv2^4. 

Lemma 2.64. L4 is L{S^;4:). 

Proof. Recall that L4 = L4(v9) = M^^ M^^. We identify ^M^^ as 
S*"*^ X M via an isometry [^, i, s] H- [^, s]. The isometry : dM^^ dM^^^ 
is written as 

v[^,i,s] = [f{0J,9{s)] 

for some isometries / on and (7 on M. Then, 5f(s) = (±1) ■ s + g{0). 

Let us define E := x ]R/(s,t) ~ {—s,—t). Obviously, there 

is a canonical projection it : M^^ — )■ defined by [.^, t— )■ 
Here, ^ G S*^, s G [— ^, ^] and t G M. The map vr is a line bundle over 
^-{[0,0]}. 

For a G M, let us define Sp^{a) C M^^ as 

S'^^{a) := X {{t,at/i) \ t e [-i,i]}/a. 

S'p^(a) is homeomorphic to a disk. Then, by using the fibration tt : 
Mp^. — )■ we obtain that M^^ is homotopic to S'^^^a) for any a G M. 

By choosing a with respect to g{0), we obtain that L4 is homotopic 
to the gluing S'p^{a) Uq S'p^{—a) which is homeomorphic to S"^. Thus, 
a soul of L4 is homeomorphic to a sphere. Since M^^ has only two 
topological singular points in its interior, L4 has only four topological 
singular point. Therefore, L4 is L(S'^;4). □ 

Lemma 2.65. ^2,1 and L2;s are L{P'^;2) , and L2^2 and L2A are L{S'^;2). 
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Proof. We will use the notation same as in the proof of Lemma 12.641 

Let us consider L2,i = L2^i{ip) = M^^U^U2,i. Since f/2,1 is isomorphic 
to a line bundle over S{U2 1). Here, S{U2 1) is a subset of U2 1 homeo- 
morphic to Mo. By using the bundle structure of U2 1 and the fibration 
TT, we obtain that ^2,1 is homotopic to the gluing S'^^ Ug S{U2 -[), which 
is homeomorphic to P^. It follows from L2,i has only two topological 
singular points that L2A is L^P"^; 1). 

Let us take L2,2 = -Z^2,2(</2) = M^^ D"^ x M. By using the fibration 
TT, we obtain that L2,2 is homotopic to the gluing 5'p^(a) UgD"^ for some 
a, which is homeomorphic to S*^. And ^2,2 has only two topological 
singular points. This implies that ^2,2 is Li^S"^] 2). 

Let us take L2,3 = L2,^{^p) = Mp^. U<^ Mo x M. By using vr, we obtain 
that 1/2,3 is homotopic to the gluing S'^^{a) Uq Mo for some a, which 
is homeomorphic to P^. It follows from L2.3 has only two topological 
singular points that L2,3 is LlP"^; 2). 

Let us take L2,4 = i^2,4(v^) = AU^ A. Recall that A = [—a, a] x 
[—b,b] X M/{x,y,s) ~ {—x,—y,—s). Let us consider a subset S' := 
[—a, a] X [—b, b] x {0}/ ~ of A, which is homeomorphic to a disk. Let us 
set E := [—6, b] x M./{y, s) ~ (— y, — s). There is a canonical projection 
tt' : A E defined by TT'{[x,y,s]) = [y,s]. By using it, we obtain 
that L2,4 is homotopic to S' Uq S', which is homeomorphic to S"^. It 
follows from ^2,4 has only two topological singular points that ^2,4 is 
L{S^;2). ' ' □ 

2.9. Classification of Alexandrov surfaces from [SYOOj . We recall 
a result for a classification of Alexandrov surfaces, by quoting |SY00j . 

Proposition 2.66 (The Gauss-Bonnet Theorem, [SYOO^ Proposition 
14.1]). If X is compact Alexandrov surface, then we have 

uj{X) + K{dX) = 2ttx{X). 

Proposition 2.67 (The Cohn-Vossen Theorem, jSYOO| Proposition 
14.2]). If X is noncompact Alexandrov surface, then we have 

2nx{X) - nxidX) - u{X) - t,{dX) > 0. 

Theorem 2.68 ( [SYOOl Corollary 14.4]). Let X be a nonnegatively 
curved Alexandrov surface. Then, the following holds. 

(1) X is homeomorphic to either M."^, ]R>o x M, S"^, P^, or iso- 
metric to [0,£] X R, [0,^] X 5i(r),~M>o x ^^(r), M x S^{r), 
M X S^{r) /7j2, a flat torus, or a flat Klein bottle for some 
£,r > 0. 

(2) int X contains at most four essential singular points, and de- 
noting by n the number of essential singular points in miX , we 
have the following for some r > 0. 

(a) If n > 1, X is either homeomorphic to M^, S"^ , P^ , or 
isometric to dbl (M>o x M>o) \~\ {{x,y)\y < h} . 
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(b) If n > 2, X is ether homeomorphic to S'^, or isometric to 
dbl(M>o X [0,h]), dbl(M>o x [0, h]) n {{x,y) \ x < £}, or 
dbl([0,£] X [0,h])/Z2. 

(c) If n> 3, X is homeomorphic to S'^. 

(d) If n = 4, X is isometric to A B, where A and B 
are isometric to dbl ([0, P\ x [0, oo)) fl {(x, y) | y < a} and 
dbl([0,£] X [0, oo)) n {{x,y)\y < h} for some a,b > 0, 
respectively; and cf) : OA — )■ dB is some isometry. 

2.10. A fundamental observation. In this subsection, we prove fun- 
damental propositions on the sets of topologically singular points of 
Alexandrov spaces. 

First, we remark the following proposition on the number of topolog- 
ically singular points of a three-dimensional closed Alexandrov space. 
Let us consider a (2n + l)-dimensional manifold X such that its bound- 
ary dX is homeomorphic to the disjoint union [J™ -P^"" of the projec- 
tive spaces. Then we see that m is even. Indeed, we consider the double 
dbl(A) and its Euler number: 

= x(dbl(A)) = 2x(X) - x{dX) = 2x(^) - m. 

Proposition 2.69. Let M he a three-dimensional closed Alexandrov 
space. Then the number of topologically singular points of M is even. 

Proof. Since M is compact, Stop{M) is a finite set. By Theorem I2.34[ 
there exists r > such that for anyp e 5'top(M) we have {B{p,r),p) ^ 
{Ki{P'),o). Therefore, 

Mo:=M- U Uip,r) 
peStop(M) 

is a manifold with boundary OMq ^ UpeStop(M) above 
argument, jjS'top(M) is even. □ 

We also prepare the following proposition. 

Proposition 2.70. Let {Mi,pi) be a sequence of n- dimensional pointed 
Alexandrov spaces of curvature > —1 converging to {X,p). //diamSp > 
7r/2, then Sp. is homeomorphic to a suspension over an Alexandrov 
space of curvature > 1, for large i. 

Proof. Suppose that the conclusion fails. Then we have some sequence 
{M"} such that {Mi,pi) converges to {X,p) and each Sp. does not 
have topological suspension structure over any Alexandrov space of 
curvature > 1. It follows from Theorem 12.351 that diam(Sp.) < 7r/2. 
The convergence of spaces of directions is lower semi-continuous: 

liminf Ep- > Sp. 

i—^oo 

Then we have diam (Sp) < 7r/2. This is a contradiction. □ 
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3. Smooth Approximations and Flow Arguments 

3.1. Flow Theorem. 

A bijective map f : X ^ Y between metric spaces is called a bi- 
Lipschitz if both / and are Lipschitz. 

Definition 3.1. Let M be a topological space. A continuous map 
$ : M X R — M is called a flow if it satisfies 

0) = X, 

s + t) = s),t) 

for any a; G M and s, t G M. Remark that, for each t G M, the map 

$4 = <l'(-,t) : M ^ M 

has the inverse map 

Let M be a metric space. If a flow $ is a Lipschitz map from M x M 
to M, then we call it a Lipschitz flow. Remark that for any Lipschitz 
flow $, is bi-Lipschitz for each t G M. 

By using the proof of Theorem 12. 461 we obtain the following theorem. 
This is a main tool for the proof of our results throughout the present 
paper. 

Theorem 3.2 (Flow Theorem). For any n G N, there exists a positive 
number En depending only on n satisfying the following: Let C be a 
compact subset and S be a closed subset in an n-dimensional Alexan- 
drov space M with curvature > —1. Suppose that C (1 S = ^ and C is 
e-strained and dist^ is (1 — 5)-regular on C for 5 > 0, where Q < e < Sn 
and 6 is smaller than some constant. Then there exist a neighborhood 
U{C) of C and a Lipschitz flow $ : M x M — )■ M satisfying the follow- 
ing. 

(z) For any x G U{C), putting 4 := {t G G U{C)}, 

t) is 5^/6 + 9(e) -isometric embedding in t G I^. 
(ii) $ is leaving from S which speed is almost one. Namely, 

^ distso^{x,t) > I-5V5 -e{e) 
t=o+ 



(3.1) 



dt 



at any x G U{C). 



Proof of Theorem \3.S[ To prove this, we must remember the proof of 
Theorem 12.461 in reference to [KMSj and [O] . 

For a while, x denotes an arbitrary point in C. We set 

^ ^ iVdistsI 
Since ^5 is (1 — (5)-regular, we have 
(3.2) {distsYM^)) = - cos Z{S',, v{x)) >1-S. 
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We fix a point G S* such that 

= 1x51. 

Then, by (13. 2p . we have 

Z(g(x)', v{x)) > Z{S', v{x)) >TT-6'. 

Here, S' := tt — cos~"'^(— 1 + 6). Note that hm^^o = 

We put i := min{£-str. rad (C), d{S, C)}. We fix positive numbers s 
and t with s <^ t i. Take a maximal 0.2s-net {xj | j = 1, . . . , A^} of 
C. Fix any j G {1, . . . , A^}. We take e-strainer {g° | a = ±1, . . . , ±n} 
at Xj of length > i. We may assume that {g"} satisfies the following. 

(3.3) = g(x,). 

Since t i, {g°} is also 6'(e)-strainer at any x G B{xj, lOt). It follows 
from s <^ t and jY convt Lemma 1.9] that 

(3.4) l^QjXy - ^Qjxyl < 9{e) 

for any x G -B(xj, s) and y G -B(x, s). 

We denote by Ej the standard n-dimensional Euclidean space. De- 
fine a map 

f, = Uf)l=l■.B{x,^Qt)-^E, 

by 

(3-5) ff{y) = ... [ d{y,z)-dix„z)dn-iz). 

ri ['D[qj ,e )) ^^^^(^a 

where e' <^ e. This map is a 6'(e)-almost isometric DC^-homeomorphism, 
which is actually a DC^-coordinate system. 

Lemma 3.3 ([01 Lemma 5]). There is an isometry : Ek — > Ej 
satisfying the following: 

(3.6) \Ffof,{y)-f^{y)\<e{e)s, 

(3.7) Mi^'=od/,(0-rf/,(OI<^(e) 

/or any j and k, and y G B{xj, s) fl B{xk, s) and ,^ G Sy. 

Remark that each fj has the directional derivative dfj. 

Proof of Lemma \3.3[ We first recall how to define F^^'s. The property 
(13. 6p is proved in the same way to the original proof of [D] Lemma 5] 
in our situation. We only prove (13.71) . 

Fix any j and k. For a = 1, . . . ,n, take G x^g^" and ?/^° G x^g^ 
such that 

Then we have 

{fk{y^)Jk{y^k)) = s'S^^ + 0{e,s/i). 
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for all a, /3 = 1, . . . , n. Here, (-, ■) is the standard inner product on Ej.. 
Since s <^ 9{e,s/i) = 9{e). Then, we have 

\Myt)-set\<e{e). 

Here, {e^}^^]^ is an o.n.b on E^. In a similar way, we have 

\fkiyk'') + set\<e{e). 
We define vectors v°', w"' E Ej (a = 1, . . . , n) by 

^":=^{/.(l/.°)-/.(l/r)}- 



Then, we have 

Then, {va} is an almost orthonormal basis. By Schmidt's orthogonal- 
ization we obtain an orthonormal basis {ca} of Ej such that 

|e„ - Va\ < 0{e). 

We now define an isometry : E}^ — Ej by changing the orthonor- 
mal basis and the translation: 

n 
a=l 

Then, we have 

F^'{Mx))=f,{x) + sme)) 

for all X G B{xj,s). Here, v{c) is a vector whose norm less than or 
equal to |c|. 

We prove fl3.7p . For any y G B{xj,s) fl B{xk,s) and C, G S^, by 
Lemma [2. 171 there exists 2; G M such that 

(3.8) \yz\=te.ndZ{U;) = 0{e). 

Then, we have 

Zqfyz = Z{{qfy,z') + 9{s/t). 
Since s ^ t, we have 0{s/t) = 9{e). Therefore, 

(3-9) dyf^iO = ] I - COS Z{w'^,Odn^w) 



(3.10) = - cos Zqfyz + e{e). 
On the other hands, 

(3.11) dF^ o dMO = dF^ (( - cos Zg^y^)^^^ J + v{e{e)) 

(3.12) = ^ - cos Zqfyz ■ e„ + v{e{e)). 

a 

Therefore, we have (13.71) . □ 
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Set Vj := 5(0, 0.4s) C Ej for all j. 

Next, we perturb {Fj^} to a family {Fj^} satisfying the following. 

Lemma 3.4 ([01 Lemma 6]). For any j and k with d{xj,Xk) < 0.9s, 
there exists a 6{e)-almost isometric C°° map F^ : Vk — )■ Ej satisfying 
the following: 

(3.13) F/ = id on Ej and 

(3.14) F'^iv) = F^ o Fliv) 

for any j and k with d{xj, Xk) < 0.9s and w G fl Fj^iVk) fl -F/(V,). 

Moreover, we can obtain this perturbed {F^} also satisfying f l3.6p and 
(13. 7p . That is, we have 

(3.15) \F^ofk^y)-f,{y)\<e{e)s, 

(3.16) M^'=orf/,(0-rf/,(OI<^(e) 

/or any j and k, and y G B{xj, s) fl B{xk: s) and ^ G Sj^. 

Proof. We only review the first step of construction of iy's by induction 
referring to the proof of [O] . 

Let us first review how to construct F^^s. Let : [0, oo) — [0, oo) 
be a C°°-function such that 

= 1 on [0, 1/2], 

= on [1, oo), and 

-4 < 0' < 0. 

Set 

ijj{v) :=0(|t;|/O.8s) 

for V & Vj. 

We set F/ = F/ and = (F/)-i, and define F/ : ^ M" for 
J > 2 by 

F,^(tO := ^1 o F2(^;) . F} o Fi2(tO + (1 - ^1 o Fi2(tO) ■ Ff{v) 
for t> G V2. By construction, Fj is smooth and satisfies ( I3.15P and 

dSHD. 

For i; G V2, we have 

<j)ioF^{v) = l + e{e)\vl 
\mroF^)\\cn=e{e). 
Therefore, we have, for any f G V2 and w G T^E2 with \w\ = 1, 
rfF/(«;) = c/(F/oF2)(w7) + ^(£) 
= c/(F/oF2)(u;) + ^(£) 
= dFf{w) + e{e). 
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Thus, we have 

\\dFf-dFf\\ < 9{e) 

at any v G V2. 

Therefore, for a segment c : [0,to] — ?■ V2 between v and y, we have 
\F}{v)-F}{w)\ = 

Thus, Fj is injective. □ 

By the chain rule fl3.13p . an equivalence relation ~ on the disjoint 
union |J^. Vj is defined in the following natural way: Vj 3 y ^ y' E 

Vk <^==^ Fj{y') = y- Set := LJ V^/~. We denote by vr the projection 

N 

i=i 

We denote by Vj := 7r(V^) the subset of corresponding to Vj, and by 
71 j the restriction of vr 

TV J : Vj ^ Vj. 

We define := ttT^. Then is a C°°-manifold with atlas {(V^-, fj)}j, 
and Fj^ : /^(V/c fl Vj) fjiVk fl V,) is the associate transformation. 
Define maps f^^'> : B{xj, s) Ej (j = 1, . . . , iV) by 

:=/i(x), 

:= ^1 o ■ F^ o + (1 - V'l o /«(a:))/2(x). 

Set Vj := /(^'^-H^i)- Then we have 

on Vj flVfc. Indeed, for instance, /^^^ = Fg^o/^^) on i?ini?2- For general 
case, we refer to [Ul pp 1272-1273]. Set U := |J^. V^-. A homeomorphism 
/:[/—)■ A^ is defined to be the inductive limit of tt o f^^\ 
By [O, Lemma 8], we obtain the following properties of f^^\ 

(3.17) \f,{x) - f^^\x)\ < e{e)s, 

(3.18) \dfj{^) - df<^\o \ < m 

for all X G B{xj, OAs) and ^ G Sa^. 

Let {Xj}j be a smooth partition of unity such that supp (xj) C Vj. 
The desired Riemannian metric (^at on A^ is defined by 

(3.19) {9n)x{v,w) ■.= ^Xj{x){dfj{v),dfj{w)) 

j 

for any x E N and v,w E T^N . 



to 



dFf{c{t))dt 



> 0.9k; 



1(7 
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Up to here, we reviewed the construction of a smooth approximation 
f : U N hj |KMSj (and [O]). Next, we construct the desired flow. 
We flrst remark that 

Lemma 3.5. For each j , f^^^~^ : Vj ^ Vj is differentiable. And hence, 
f and are also differentiable. 

Proof. Since f^^^ is differentiable, for any scale (o), the following dia- 
gram commutes. 



p(o) 



T^M > TyE^ 

where y := f^^\x) and p'-"-' and p^°^ are canonical isometries. We will 
omit the symbol (o) to write p := p*^°) and p := p^°^ 

Since f'^^^ is ^(e)-isometric, {f^-^^)° and {^f'"''^^^)y are so. We deflne 
a map A : TyEj — T^M by 

A:=po(/OM)^'')op-\ 

Then we have 

Ao4/0)=idT',M, 
dJ^^'^oA = idT^E,. 

Namely, A = {d^f^-^^^ ^ is determined independently choice of (o). 
By its construction, A = dy{f^^^~^) is well-deflned. Thus f^^^~^ is 
differentiable. 

/ is the composition of differentiable map f^^^ and smooth map tij, 
and hence / and f~^ are also differentiable. □ 

Set Hj := i/j'^. Remark that yj can taken satisfying the following. 

ZSxyj > ZSxyj > n — 6' — 6{e, s/t) 

for all X G B{xj, s). 

Now, let us forget the construction of fj above, we will use the fol- 
lowing notation: 

(3.21) := f^^\ 

We set 

Y,{x) := e S.M, 

Z(x) .-iMll^IlK^E 



(3.20) 
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for all X G B{xj, s). 

We recall that fj is 6'(e)-isometry on B{xj,t). It follows from (I3.10p 
that we have 

(3.22) dfjiY,{x)) = Z^{x)+me)) 

for any x G B{xj, OAs). 
Since 

Z,{S', Y,) + Z,{S', Yk) + Z,(r,, n) < 2n, 

we have 

Z{Y,{x),Ykix))<26' + e{6) 
for all X G B{xj, s) fl B{xk, s). Then, we have 

d{Yj, Yfc)2 < 2(1 - cos(25' + e{e))) 

<26'^ + e{e). 

Therefore, we obtain 

(3.23) df,{Yk{x)) = dj){Y,{x)) + v{V26' + e{e)) 

(3.24) = Zj{x) + v{V26' + 9{e)). 

Note that Zj is smooth on Vj C Ej. We define a smooth vector field 
Wj on \/j C iV by 

W,ix) := dfj\Z,{x)). 
We next prove the following. 

Lemma 3.6. For any x G V,- fl V^, we have 

\Wj{x) - Wk{x)\N < 4^25' + e{e). 

Proof. At first, we see 

AT 

2 



N 

= Y,xAdFl{Z,)-dF,\Z, 



1=1 



By (EMD, we have 



dF^iZk) = dFf{dh{Yk)) + me)) 
= dMYk) + me)) 
= Ze + v{2V26' + e{e)). 



Therefore, Lemma [3.61 is proved. 

We next define a smooth vector field on by 



□ 



N 



(3.25) 



W{x) ■.= J2xj{x)W,{x). 
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By Lemma [3.6[ we have 



\W -W, 



on y,- C iV. 

We consider an integral flow ^ oiW . Namely, 



We now define a flow $ on t/ by 

Lemma 3.7. The conclusion {ii) of Theorem \3.^ holds: 
d 



dt 



dist5 o t) > 1 - 5^/5 - 9{e), 



t=o+ 



{dsy{Wix)) > l-5V5-e{e) 



for all X G t/. 



Proof. By Lemma [3.51 / is differentiable. Therefore, the flow curve 
is differentiable for any x & U. Then x & Vj for some j. Then, we have 



di 



t=o 



rf5 0$(x,t) = (rf5o/-^)'(^/o$(x,t) 



= {ds o /"^y (Wifix))) = {ds o /ri)' o df,{W) 
= (ds o /ri)' o + 472^7(5' + 9(6))) 

= idsof7^y{Z^+AV2v{5' + eie))) 
= {ds o fi'ndf,{Yj) + 4V2v{6' + e{e))) 
> d'siYj) - aV26' - e{e) 
>l-6- aV26' - e{e) 



□ 



Lemma 3.8. The conclusion (i) of Theorem \3.^ holds: For any x G f/, 
t) is 5\/6 + 9 {e) -isometric embedding in t G I^. Here, Ix '■= {t G 
M| $(x,t) G U}. 
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Proof. By the construction of W, we have \W\ < 1 + 6{s). Indeed, for 
any t, t' G Ix with t < t', we obtain 

-t' 



dU{fix),t'),^f{x),t)) < / wU{fix),s 



ds 



< \l + eie)\{t' -t). 



mx,t'),<!>{x,t)\ 



Then we have 
d{^{x,t'),^{x,t)) _ 

< 1 + 0{e) 

By Lemma [3. 7[ for t < t' in I^, we obtain 
d t'), t)) > d{S, ^{x, t')) - d{S, t)) 



^f{x),t'),^f{x),t) 



t' -t 



{dsy{W)ds >{1-5V6- e{e)){t' - t). 



This completes the proof of Lemma 13.81 



□ 



Combining Lemmas 13.81 and 13. 7[ we obtain the conclusions of Theo- 

□ 



rem 13.21 

Definition 3.9. Let M be an Alexandrov space, / : M — M be a 
Lipschitz function and $:MxM— j-Mbea Lipschitz flow. Let M' 
be a subset of M. We say that $ is gradient-like for f on M' if there 
exists a constant c > such that for any x G M', we have 

t^o t 



We denote by 



this situation. 



$ dl / on M' 



In this notation, we obtained in Theorem 13. 2^ a gradient-like flow $ 
for dist^ on U{C) with a constant c = 1 — 5\/6 — 0{e). 

3.2. Flow and Fibration. We will find out a nice relation between 
Fibration Theorems 12.241 and 12.251 and Flow Theorem 13.21 We first 
recall an important property of Yamaguchi's fibration. 

Proposition 3.10 (cf. Lemma 4.6 in |Y conv] ). Let M and X be 

Alexandrov spaces and ti : M ^ X be a 9{S, e) -Lipschitz submersion as 
in Theorem 2^24 ■ Let (o) = (^j) be an arbitrary scale. We denote by 
a set of horizontal directions to the fiber 7r~^(7r(x)) at x. Then for 
any x G M , the restriction of the blow-up 



(x) 
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satisfies the following: For any Y , Z & H^, we have 

||7r(°) oexp(°)(F),7r(°) oexpi°)(Z)| - %Z\\ < e{6,e). 
Here, the set of horizontal directions is defined in jY conv| §4] as 

Hx ■■= {^^y'xl \xy\ > ^} 

for some small number a > with e <^ a. 

Proof of Proposition \3.1(K We will use the following notation: 9 de- 
notes a variable constant 9{5^e). We set x = 7r{x) for any x G M. 

Let us take Y G Hx- By the definition of Hx, there is a point y & M 
such that 

\xy\>a, Z{y\Y)<d. 
Then, by Lemma 4.6 in [Y convj . for any F G |/' C S^X, we have 

(3.26) \<lrMt)\ ^ , 

for any small t > 0. Here, 7^ denotes the geodesic from 7^(0) tangent 
to ^ G ^^(o)- Let (o) = {si) be an arbitrary scale. From f l3.26p . we have 

(3.27) |vr(°) oexp(°)(F),expr(F)| = HhiMIiMlZ^M < Q. 

We next take any Z G Hx- Then there exists 2; G M such that 

\xz\ > a, Z{z' , Z) < 6. 
Then, for any Z & z' C. S^X, we have 

(3.28) |vr(°)oexpi°)(Z),expi°)(Z)|<^. 

On the other hand, by Lemma 4.7 in [Y convj . we have 

\Z{Y,Z)-Z{Y,Z)\<e. 

It follows together ([S2SD, flH^ and flX^ that we obtain 

||7r(°) oexp(°)(y),7r(°) oexp(°)(Z)| - %Z\\ < 9. 

This completes the proof. □ 

Theorem 3.11. For any n G N, there is a positive number e = e„ 
satisfying the following: Let M"' he an n- dimensional Alexandrov space 
without boundary with curvature > —1 and p be a point of M"^. Let 
X^~^ be an (n — l)- dimensional nonnegatively curved Alexandrov space. 
Assume that X is given by the Euclidean cone -ft'(S) over a closed 
Riemannian manifold E of curvature > 1. If dGH{{M,p), (X, po)) < 
where po is the origin of the cone X , then there exists a small r = Vp > 
such that a metric sphere dB{p,r) is homeomorphic to an -fiber 
bundle over S. 
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Proof. dGH{{M,p), (X, po)) < £ implies dcniBMip, l/e), Bx{po, l/e)) < 
e. Take a small number r > such that r <^ 1 ^ l/e. Since E is a 
closed Riemannian manifold, A{pQ;r /2,2) is a Riemannian manifold 
^Ex [r/2, 2] with boundary ^ S x {r/2, 2}. 

Let C be an annulus C := A{p] r/2, 2). Since dcHiC, A{po; r/2, 2)) < 
e, C is [n — 1, £:)-strained. Since M has no boundary points, Theorem 
12.101 implies that C is (n, 6'(£:))-strained. Therefore by Theorem I2.25[ 
there exists a 6'(£:)-Lipschitz submersion tt : Mi — )■ y4(po; '"/S, 2) which 
is actually an S^-fiber bundle. Here, Mi is some closed domain in M 
near C containing A{p]r,l). 

Set S := 'K~^{dB{po,r)). Let $ = $(a:, t) be a gradient-like flow for 
distp obtained by Theorem 13.21 on an annulus around p. 

We are going to prove 

Lemma 3.12. The flow $ is gradient-like for distp^ o tt. Namely, we 
obtain the following. 

(3.29) hminf dist^p Q vr o $(x, t) - dist,, o 7r(x) ^ ^ _ 

for any x G Mi . 

If it is proved then S is homeomorphic to dB{p,r) by a standard 
flow argument. 

Proof of Lemma \3.12 . Let us set x := n{x) for any x G Mi. We set 



dt 



$(x,t) G r,M. 
t=o+ 



By Theorem 13.21 (ii), we have 

V = Vdist 



p 



and |y| = 1. Here, A = A' means that d{A,A') < 6{e). 

Wesai i:=V/\V\ and recall that i e H^. It follows together flXTT]) 
that there exists q E M with > a such that any G g' C S^X 
satisfies 

7r(°)oexpi°)(0 = expi°)(e) 

for each scale (o). 

Let us take rj E p'^ G Tj^M. Then we have 

Z(e,r/)> 7r-^(£). 

Since r/ G -ffa;, there exists fj G S^X such that 

7r(°)oexpi°)(r/)=expi°)(r/). 

By Proposition I3.10[ we obtain 

(3.30) A{lf^)>n-e{e). 
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On the other hand, from Lemma 4.3 in |Y convj . it is 6'(e)-close to 
an ^-approximation from {M,p) to {X,pq). This imphes 

Zqxpo > TV — 9{e). 
We take an arbitrary direction ( E p'^ G Then, we have 

(3.31) Z{CO>^-0{e). 
By ( lOnjl and ( KWf . we have 

^ = Vdistp,,. 
Summarizing the above arguments, we obtain 
hm d{Po,-°Hx,e.))-d{po,x) ^ ^ ^^^^io^, ^ ^(.) ^ ^^^h^^^ 

u; Si 

= (distpj',(0 

= (distpj'j.( Vdistp J 

= 1. 

It follows from Lemma [2. 141 that we obtain (13.291) . □ 

As mentioned above, by Lemma 13.121 we have dB{p,r) ^ S. This 
completes the proof of Theorem 13.111 □ 

Remark 3.13. Kapovitch proved a statement similar to Theorem 13. Ill 
for collapsing Riemannian manifolds M ( |Kap Rest , Theorem 7.1]). 



Perelman and Petrunin proved the existence and uniqueness of a 
gradient flow of any semiconcave function, especially of any distance 
function ( |Pet QG| , |PP QG| ). Note that the gradient "flow" is not a 
flow in the sense of Definition 13. H because the gradient flow is defined 
on M X [0,oo). 

Remark 3.14. One might ask why we do not use the gradient flow of 
a distance function to prove Theorem 13.111 The reason is the gradient 
flow may not be injective. 

For instance, we consider the cone X = K{Sl) over a circle Sg with 
length 9 < 27t. X is expressed by the quotient of a set 

Xo = {re** eC\r>0,te[0,e]} 

by a relation r ~ re*^ for r > 0. By [re**] G X denotes the equivalent 
class of re** E Xq. We fix r > and take p := re*^/^. Let a > be a 
sufficiently small number such that Sa H dXo = 0. Here, we denote by 
Sa the circle centered at p with radius a in C. We take b with a < b < r 
such that Sb H dXo ^ and take Xi, with x\ ^ X2 in n OXq near 
p. Then [xi] = [0:2] in X. We put points Ui G pxi fl Sa in Xq and set 
geodesies 7^ := [2/j][a;i] in X for z = 1,2. In particular, 7j {i = 1,2) are 
the gradient curves for dip] in X. This case says that d[p]-fiow does not 
injectively send from [Sa] := {[z] G X | x G Sa} to [Sb]- 
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3.3. Flow Arguments. 

Theorem 3.15. For a positive integer n, there is a positive constant 
En satisfying the following: Let M" be an n- dimensional Alexandrov 
space with curvature > — 1. Let Ai, yl2, . . . , Am <Z M be closed subsets 
and C G M be an (n, e) -strained compact subset with AiCiC = for all 
2 = 1, 2, . . . , m and for e < En- Suppose the following. For each x E C 
and 1 < i < m, there is a point w = w{x) G M such that 

(3.32) Z,{A',,w')>n-5. 

Here, c(< 7r/2) is a positive constant bigger than some constant. Then 
there exist an open neighborhood U of C and a Lipschitz flow ^ on M 
such that 



dAM^,t)) >1-55-9{e) 

t=o+ 



for all i = 1, . . . m and x G f/. 

Proof. We can show the following: There exists a precompact open 
neighborhood U of C such that each x E U is (n, 6'(5))-strained, and 
there is a point w = w{x) G M such that 

(3.34) \xw{x)\>i 

(3.35) ZAiyw{x) > n - 5 - 9{e) 

for all y G B[x, r) and i = 1, . . . ,m. Here, r and i are positive numbers 
with r <C 

Since U is (n, 6'(£:))-strained, there is a smooth approximation / : 
U ^ N which is a 6'(£:)-isometry for some Riemannian manifold A^. By 
an argument similar to the proof of Theorem 13. 2[ we can construct a 
smooth vector field W and its integral flow $ on such that 

d 



dt 



dist^^ o/-i(<|(x,t)) = Aisi'^^o df'\W) 
t=o+ 

> 1 - 56-e(E). 



Then, the pull-back flow := ^t°f satisfies the conclusion of Theorem 
[37[5l □ 

Corollary 3.16. Let M", Ai, A2, ■■■Am and C be as same as in 
the assumption of Theorem VJ . 1 5\ which satisfy the following. All dA^ is 
(1 — 6) -regular at x. m < n and 

(3.36) |Z,(A:,4)-7r/2|</i 

for any x G C and 1 < i ^ j < m. 

If u := 6 -\- fi is smaller than some constant depending on m, then 
there are a Lipschitz flow $ and a neighborhood U of C satisfying the 
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following. 

dAXHx,t))>i-5V5-e{e)-em{ 



d 



i=0+ 

for any x eU and i = 1, . . . ,m. 
Proof. Let us consider a smooth approximation 

f:U^N 

for some neighborhood U of C and a Riemannian manifold N. By 
Lemmas 13.71 and 13.81 we obtain smooth vector fields Wi on such 
that 

(3.38) \Wi\<l + e{e), 

(3.39) (dAjiW,) >l-5V6-e{e) 

on for alH = 1, ■ ■ ■ , m. Here, Wi := df~^{Wi). 
Let us define (pmi^) £ (7r/2,7r) by 

1 — (m — 1) cos(7r/2 — u) 



cos iprn[l^) 



^yl + {m- 1) cos(7r/2 - z/) 



Note that cos (pm{i^) —^1/ as — ?• 0. 
Let us consider a vector field 

W ■.= {Wi + W2 + --- + Wm)/\Wi + W2 + --- + Wm\. 

Since \Z{A^,A'j) — 7r/2| < /i, we have 

|Z(1^,,1^,)| < m + fi + 9{e). 

Putting W := df~'^(W), we obtain 

cosZ(PV„iy)>cos((p,„(i.) + e(£)) 

for u = lOS + fi. Then we have 

(ciAj'(l^)>(c?Aj'(W^^)-|W^,W.| 

> 1 — 5V6 — cos(v9m(i^)) — 0{£)- 

We consider the gradient flow $ of the vector field W on f/, which is 
the desired flow. □ 

4. The case that dimX = 2 and dX = 

In this and next sections, we study the topologies of three-dimensional 
closed Alexandrov spaces which collapse to Alexandrov surfaces. First, 
we exhibit examples of three-dimensional Alexandrov spaces (which are 
closed or open) collapsing to Alexandrov surfaces. 

We denote a circle of length e by S}. We often regard as {x G 
C I ||x|| = e/2n}. And x denotes the complex conjugate for x G C. 
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Example 4.1. Recall that Mpt is obtained by the quotient space 
Mpt := X y) ~ (x, —y). Mpt have collapsing metrics and 

Pe as follows. 

Recall that a collapsing metric provided Example 11.21 The quotient 
{Mpt,ds) := S} X M.^/[x,y) ~ {x,—y) has a metric of nonnegative 
curvature collapsing to K{Sl) = M^/y ~ —y as e — )■ 0. 

We consider an isometry defined by 

K{Sl)3[t,v]^[t,-v]eK{Sl). 

Here, t > and v ^ S}. Note that -^'(5'^) collapses to M+ as £ — t- 0. 
We consider a metric on Mpt of nonnegative curvature defined by 
taking the quotient of the direct product x K(Sl): 

{Mpt,Pe) ■■= X K{Sl)/{x,t,v) ~ {x,t,-v). 

Then, (Mpt, Pe) collapses to [0, n] x]R+ as e — )■ 0. Here, [0, vr] is provided 
as S^/x ~ X. 

Example 4.2. Let S(5'^) be the spherical suspension of S*^, which has 
curvature > 1. Any point in S(S'^) is expressed as [t,v] parametrized 
by t G [0, tt] and v & S^. We consider an isometry 

a : ^{SD 3 [t, v] ^[n-t, -v] G ^{Sl). 

Then, we obtain a metric rf^ on of curvature > 1 defined by taking 
the quotient J:{Sl)/{a). We set := {P^,d,). Note that P^ collapses 
to [0, 7r/2] as £ ^ 0. Then, K{P^) collapses to K{[0, 7r/2]) = M+ x M+ 
as £ — >■ 0. 

Remark that K{P^) is isometric to the quotient space M x K{Sl)/ (a) 
defined as follows: Let a be an involution defined by 

a{x,tv) {—x,t{—v)) 

for X G M, t > and f G S*^. We sometime use this expression in the 
paper. 

Example 4.3. Let us consider the direct product x S(S'^) and an 
isometry 

/3 : 5^ X j:{sI) 3 {x,t,v) ^ {x,t,-v) es^ X j:{sl). 

Then, the quotient space := x S(S'^)/(/3) has nonnegative cur- 
vature. And, Ne collapses to [0, tt] x [0, vr] as e -> 0. 

Let us start the proof of Theorem 11.31 

Proof of Theorem M.'^ Fix a sufficiently small 5 > 0. Then there are 
only finitely many (2, 5)-singular points Xi, . . . , Xfc in X. For sufficiently 
small r > 0, consider the set X' := X — {U {xi^r) U ■ ■ ■ U U {xk, r)). By 
Theorem I2.10[ there exists a (3, ^(i, 5))-strained closed domain M/ C 
Mi which is converging to X'. From Theorem l2.25[ we may assume that 
there exists a circle fiber bundle vr- : M- — )■ X' which is 6{i, (5)-almost 
Lipschitz submersion. Here, 6{i, 6) is a positive constant such that 
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limj^oo,5-^o ^(^5 ^) = 0. We fix a large i, and use a notation 9{6) = 9{i, 6) 
for simplicity. 

Fix any (2, 5)-singular point p G {xi, . . . .Xk} C X, take a sequence 
Pi e Mj converging to p. Since Flow Theorem implies that B{pi,r) is 
not contractible, applying the rescaling argument 12.271 we have points 
pi e B{pi,r) with d{pi,pi) — j- and a scaling constants Si such that 
any limit space iY,yo) of \imi^c>o{j:B{pi,r),pi) is a three-dimensional 
open Alexandrov space of nonnegative curvature. We may assume 
that Pi = Pi. We denote by S" a soul of Y. By Theorem I2.27[ we have 
dim S < 1. 

From Theorem 13. IH the boundary dB{pi,r) is homeomorphic to a 
torus or a Klein bottle K^. It follows from Soul theorem 12.591 and 
Stability theorem 12.341 that B{pi,r) is homeomorphic to the orbifold 
B{pt) if dimS* = 0, or a solid torus x or a solid Klein bottle 
S^xD^ if dim5 = 1. 

We first consider the case of dimS* = 1, namely S* is a circle. In this 
case, we obtain the following conclusion. 

Lemma 4.4. If dim S = 1, then B{pi,r) is homeomorphic to x . 

Proof. Put Bi := B{pi,r), B := B{p,r) and Si := dcniBi, B). Suppose 
that Bi is homeomorphic to a solid Klein bottle S^xD"^. Take rj — )■ 
with Ei/vi — > such that lim{^Bi,pi) = {TpX,o). Let Hi : B^ ^ Bi be 

a universal covering and pi G 7r~^(pj). Let Fj = Z be the deck trans- 
formation group of TTj. Passing to a subsequence, we have a limit triple 
(Z, G) of a sequence of triples of pointed spaces and isometry groups 
{^Bi,pi, Fj) in the equivariant pointed Gromov-Hausdorff topology (cf. 
[FY]). Z is an Alexandrov space of nonnegative curvature because of 
Ti — 0, and G is abelian. Note that Z/G = lim{^Bi,pi) = {TpX,o). 
Using the G-action, we find a line in Z ( jChGrj ). Then, by the splitting 
theorem, there is some nonnegatively curved Alexandrov space Zq such 
that Z is isometric to the product Mx Zq. We may assume that Zq is a 
cone, by taking a suitable rescaling {rj}. We denote by Gq the identity 
component of G. By |FYl Lemma 3.10], there is a subgroup F° of Fj 
such that: 

(1) (^5j,pi,F°) converges to {Z,z,Go). 

(2) Fi/po = G/Gq for large i. 

Since dim TpX = 2 and dimZ = 3, we have dimG = 1. This implies 
G = M. X H for some finite abelian group H. Since TpX = Zq/H, H 
must be cyclic. Here, G-action is component-wise: Gq = M acts by 
translation of the line M and H acts on Zq independently. By Stability 
Theorem 12.341 Z is simply-connected. Therefore, Zq is homeomorphic 

to R2. 

Take a generator 7^ of Fj. From our assumption, 7j is orienta- 
tion reversing on Bi. Consider Fj := (7?) = Z. Then Fj acts on 
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Bi preserving orientation. Taking a subsequence, we have a limit 
triple {Z,z,G') of a sequence {{^Bi,pi,T'^)}. By an argument simi- 
lar to the above, G' = x H' for some finite cyclic group H'. Let 
limj^oo 7j = 7oo G C, which implies that 7i(xj) — )■ 7oo(2;oo) under the 
Gromov-Hausdorff convergence —B^ 3 Xi — > x^o G Z. Then is 
represented by (0, 0) G M x if. Then, for large i, we have 

(4.1) Z/G = {Z/G')/{G/G') = {Zo/H')/m) = T,X. 

Since Zq/H' is the flat cone over a circle or an interval, and [(f)] G H/H' 
acts on Zq/H' reversing orientation, [Zq/H') / {(p) can not be TpX. This 
is a contradiction. □ 

By Lemma [4.4^ B{pi,r/2) must be homeomorphic to a solid torus. 
From Flow Theorem 13. 2^ (7r.)~^(9S(p, r)) and dB{pi,r/2) bound a 
closed domain homeomorphic to x [0, 1], and this provides a cir- 
cle fiber structure on dB{pi,r /2). By |SY00t Lemma 4.4], it extends 
to a topological Seifert structure on B{pi,r/2) over B{p,r/2) which is 
compatible to the circle bundle structure on A{pi;r/2,r). 

In the case of dimS* = 0, Bi is homeomorphic to -B(pt). We must 
prove that 

Lemma 4.5. If dim S = 0, then Bi has the structure of circle fibration 
with a singular arc fiber satisfying 

(1) it is isomorphic to the standard fiber structure on B{pt) = x 

(2) it is compatible to the structure of circle fiber bundle ir'- near the 
boundary. 

Proof Recall that B{pt) = x D^/Z2, where Za-action on x 
is given by the involution a defined by a{x,y) = {x,—y). Let p+ : = 
(1, 0), p„ := (-1, 0) be the fixed points of a. Putting U := x \ 
{p+,P-}, and U := [//Z2, let TT : t/ U he the projection map. Fix a 
homeomorphism fi'.S^x D'^/1j2 Bi, and set f/j := fi{U). Take a Z2- 
covering TTi : Ui ^ Ui such that there is a homeomorphism fi'.tJ^tJi 
together with the following commutaitve diagram: 

U Ui 



U > Ui 

Consider the length-metric on Ui induced from that of Ui via ^j, and the 
length-metrics of U and U for which both fi and fi become isometries. 
Note that Ui = Ui/ai, where (Tj := /j o a o cXi extends to an 
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isometry on the completion Bi of Ui. Let Wi : Bi ^ Bi also denote the 
the projection. Then we have the following commutative diagram: 

M X B. 



(4.2) X B 



X ^7^2 ¥ Bi, 

fi 

where Hi : Bi Bi is the universal covering, and fi is an isometry 
covering /j. Here we consider the metric on R x induced by that of 
X D^. Let (T, A : M X ^ M X be defined as 

(^ix,y) = {-x,-y), X{x,y) = {x + l,y). 

Since a covers a, a is an isometry. Put 

ai:= fioao (/,)^\ Ai := /i o A o (/i)"^ 

From construction, the group Aj generated by Aj is the deck transfor- 
mation group of Tii : Bi ^ Bi. Let A be the group generated by A. Let 
Ti (resp. r) be the group generated by (Xj and Aj (resp. by a and A). 
Obviously we have an isomorphism (rj,Aj) ^ (L, A). Note that 

(4.3) aXa^^ = X~\ 

Let us consider the limit of the action of (Fj, Aj) on Bi. We may assume 
that {Bi,pi,Ti, Ai) converges to (Z, 2:0, Fqo, Aqo), where Z = M. x L, 
Aoo =9. X H, L is a. flat cone and if is a finite cyclic group acting on 
L. Let (Too £ Loo and Aoo ^ Aoo be the limits of cxj and Aj under the 
above convergence. Note that a^o : M x L — >■ M x L can be expressed 
as 0"oo(x, y) = {—X, cr'ooiy)), where cr^ is a rotation of angle i/2 and £ is 
the length of the space of directions at the vertex of the cone L. Note 
that TpX = {L/H)/a'^. 

As discussed above, from the action of H on L, we can put a Seifert 
fibered torus structure on dBi. Namely if Aoo('"e*^) = re''^^~^''^^^\ then 
dI3i has a Seifert fibered torus structure of type {fi, u) that is 
invariant (See |SYOO[ Lemma 4.4]). From fl4.3|] . we have (JooAooCoo = 
A~^. This yields that A^ = 1. Thus (/i, z/) is equal to (1, 1) or (2, 1). 

We shall show (/i, z/) = (1, 1) and extend the fiber structure on dI3i 
to a (Tj-invariant fiber structure on i?j which projects down to the gen- 
eralized Seifert bundle structure on Bi. 

Let B and B be the r-balls in the cone TpX = {L/H)/a'^ and L/H 
around the vertices Op and dp respectively. Consider the metric annuli 

A ■= A(op;r/4,r), A := A{dp;r/4,r). 
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Applying the equivariant fibration theorem (Theorem 18.4 in |Y 4-dim] ). 
we have a Z2-equivariant S'^-fibration cji : Ai ^ A for some closed do- 
main Ai of Bi, which gives rise to an S* ^-fibration Qi : Ai ^ A for some 
closed domain A^ of Bi. 

We denote by -B(vrj') and B{gi) the closed domain bounded by (7r^)~^(S'(p 
and {gi)~^{S{op,r /2)) respectively, and set 

A{n',,g,) ■.= Wd\BUd- 

By Flow Theorem 13. 2[ there is a Lipschitz flow $ : dB{Ti[) x [0, 1] — > 
A{'n:[,gi) such that $(x,0) = x. Let $1 : dB{Tx[) dB{gi) be the 
homeomorpshism defined by $i(x) = 1). Obviously the 7r--fibers 
of {ii'i)~^{S{p,r)) and the ($i)~ "^-images of (/j-hbers of {gi)~^{S{op,r /2)) 
are isotopic each other. Namely we have an isotopy (ft of dB{7ri), 
< t < 1, such that (po = id and ipi sends every vr^-fiber to the ($1)"^- 
image of a (yfj-fiber. Define : A{ii^,gi) — A{n[,gi) by 

This joins the two fiber structures of vr- and gi. Thus we obtain a circle 
fibration tt" : Mf — )■ X" gluing the fibrations vr- : M- — X' and 
where X" = X - {U{xi,r/4) U • • • U t/(xfc, r/4)). 

Let V^^y = 5^ X denote the fibered solid torus of type u). 

From now on, for simplicity, we denote B{gi) by Bi, and use the 
same notaiton as in fl4.2l) . In particular, we have the Z2-equivariant 
homeomorphism /j : V^^^ — Bi. Using /j, we have a fiber structure on 
(9V"^.;^ induced from the ^j-fibers which is isotopic to the standard fiber 
structure of type (/i, z/). 

Assertion 4.6. {fi, v) = (1, 1) and there is a a -equivariant isotopy of 
dVi I joining the two fiber structures on dVi i. 

Proof. First suppose (/i, i^) = (1,1). On the torus dVi^i = x dD^, 
let m = m{t) = (1, e**) and £ = i(t) = (e**, 1) denote the meridian and 
the longitude. Fix a meridian rrii and a longitude £i of diii such that 
each fiber of gi transversally meets mj. Here we may assume that all 
the longitude of dI3i discussed below are ^j-fibers. 

Set hi := {fi)~^ for simplicity. We now show that hi{£i) is a- 
equivariantly ambient isotopic to i. Recall that vr : dVi^i = S^x dD^ — >■ 
K"^ = X dD'^/a is the projection. Since hi{ii) is homotopic to i, 
7r(^i(^j)) is homotopic to vr(£), and hence is ambient isotopic to vr(£). 
Namely, there exists an isotopy </?t, < t < 1, of K"^ such that 

Lfo = id, Lpi{7i{hi{ii))) = vr(£). 

Let ift ■ dVi^i dVi^i be the lift of ipt such that ipo = id. Note that 
^i{hi{£i)) = £. Therefore we may assume that hi{£i) = £ from the 
beginning. 



56 



AYATO MITSUISHI AND TAKAO YAMAGUCHI 



Next we claim that hi{mi) is a-equivariantly ambient isotopic to m 
while keeping £ fixed. Namely we show that there exists an isotopy ipt, 
< t < 1, of dVi^i such that 

To show this, we proceed in a way similar to the above. Since hi{mi) is 
homotopic to m, n{hi{mi)) is homotopic to vr(m), and hence is ambient 
isotopic to 7r(m). Here the construction of isotopy is local (see [E]). 
Hence approximating m near the intersection point ir\m via a PL-arc 
for instance, we can choose such an isotopy v^t, < t < 1, of that 

ipo = id, Lpi{if{hi{mi))) = 7r(m), ^tUie) = Uie)- 

Let ipt '■ dVi^i — )■ dVi^i be the lift of ipt such that (po = id. Note that 
(fii sends hiirrii) to m and (pt is the required isotopy. Therefore we may 
assume that hi{mi) = m from the beginning. 

For a small e > 0, let i' = (e**,e") and i" = (e**,e~*'') (resp. m' = 
(e*^, e**) and m" = (e~*^, e**)) be longitudes near i (resp. meridians near 
m). Let i'^ and (resp. m'- and m'-) be longitudes (resp. meridians) 
near ii (resp. near mj) such that i'^, i", m[ and m'l bound a regular 
neighborhood of £j U m^. In a way similar to the above, taking a a- 
equivariant ambient isotopy, we may assume that hi{l[) = i', hi{i'-) = 
i", hi{m'j) = m! and hi{m'-) = m". 

Let D (resp. Di) be the small domain bounded by i, m and m! 
(resp. £i, mj and m- ). Identify D = Iq x [0, 1], Di = Ii x [0, 1], 
where Jq C m, /j C mj be arcs, and define ki : D ^ D hj ki{x,t) = 
hi{fi{x),t). From what we have discussed above, /cilaz? = Iqd- It is then 
standard to obtain an isotopy ipt of D which sends ki to Id keeping 
dD fixed. Extending ipt a-equivariantly, we obtain a a-equivariant 
isotopy of dVi^i which sends the /ij-image of /-fibers of Di to /-fibers 
of D keeping the outside D fixed. Applying this argument to the 
other domains bounded by those longitudes i', i", d'{£'), a{i") and 
meridians m', m" of dVi^i, we finally construct a a-equivariant ambient 
isotopy ipt of dVi^ sending the /ij-images of the gi-Sbeis in dBi to the 
corresponding longitudes of dVi^i. 

Finally we show that the case {fi, v) = (2, 1) never happens. Let us 
fix a (yfj-fiber, say ki, and a standard (2, l)-fiber, say k, on the fibered 
torus dV2^i of type (2,1). Since hi{ki) is homotopic to k in T^, in a 
way similar to the above discussuin, we have a a-equivariant ambient 
isotopy 0t of (9V2,i such that (po = id and 0i sends hi{ki) to k. In 
S'^ X (9/)^, k is described as A;(t) = (e^**,e**), and hence a o k{t) = 
(e~^**, e**^*"'"'^-'). Therefore the images lm(a o /c) , lm{k) of a o k and /c 
respectively must meet at a o k{—7r) = k{2Ti). On the other hand. 



aok = ao ipiihiiki)) = ifio a{hi{ki)), k = ipiihiiki)). 
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It turns out that lm{a {hi{ki))) = lm{hi{ai{ki))) meets lm{hi{ki)). This 
imphes that Im((5"j(/cj)) meets Im(fcj), a contradiction to the fact that 
Qi is a Z2-equivariant fibration. 

This completes the proof of the assertion. □ 

Obviously the standard fiber structure on dVi^i extends to a stan- 
dard (T-invariant fiber structure on Vi.i. Now it becomes easy to extend 
the fiber structure defined by ^fj-fibers on dBi to a o"i-equivariant fiber 
structure on Bi of type (1, 1) via hi, which projects down to a gener- 
alized Seifert bundle structure on Bi and on Mj for large i which is 
compatible to the fiber structure of n'^. This completes the proof of 
Lemma 14.51 □ 

This completes the proof of Theorem 11.31 □ 

5. The case that dimX = 2 and dX ^ 

Let {Mi\i = 1,2,...} be a sequence of three-dimensional closed 
Alexandrov spaces with curvature > — 1 having a uniform diameter 
bound. Suppose that Mj converges to an Alexandrov surface X with 
non-empty boundary. 

In this section, we provide decompositions of X into X' U X" and 
of Mj into M- U such that M- fibers over X' in the sense of a 
generalized Seifert fiber space and M-' is the closure of the complement 
of M-. We will prove that each component of M-' has the structure 
of a generalized solid torus or a generalized solid Klein bottle, and the 
circle fiber structure on its boundary is compatible to the circle fiber 
structure induced by the generalized Seifert fibration. 

From now on, we denote by C one of components of dX. Since a 
two-dimensional Alexandrov space is a manifold, C is homeomorphic 
to a circle. Let us fix a small positive number e. To construct the 
desired decompositions of X and Mj, we define a notion of an e-regular 
covering of C. 

Definition 5.1. Let {Ba, Da}i<a<n be a covering of C by closed sub- 
sets in X. We say that {Ba, Da}i<a<n is e-regular if it satisfies the 
following. 

(1) Ui<a<n BaVJDa-Cis (2, £)-strained. 

(2) Each Ba is the closed metric ball B^ = B{pa,ra) centered at 
Pa with radius Tq > such that 

\Vdp^ I > 1 - e on B{pa, 2ra) - {pa}, 
Ba nBa' = $ for all a ^ a'. 

And, the sequence pi,P2, ■ ■ - Pn is consecutive in C . 

(3) Da forms 

Da ■■= B{ja, S) - mt{Ba U Ba+l), 
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where, 7q, := PaPa+i with Pn+i '■= Pi- Here, 5 > is a small 
positive number with S <^ minQ,rQ,. 
(4) For any x G D^, we have 

Zpaxpa+i >n -e. 

For X G -Dq — C and y ^ C with \xy\ = \xC\, we have 

\Vdc\{x) >l-e, 

\ZpaXy — 7r/2| < e, and 

\Zpa+ixy - n/2\ < e. 

The existence of an e-regular covering of C will be proved in Section 
[9l We fix an e-regular covering 

{Ba,Da I a = 1,2, . . . ,n} 

of C. 

We consider a closed neighborhood X'^ of C defined as 

n 

(5.1) X'^:=\Jb^UD^. 

a=l 

And we set 

X" ■=[jx'^, and X' := the closure of X - X". 

This is our decomposition X = X' U X". 

Since int X' has all interior (2, £:)-singular points of X, by Theorem 
ll.3[ we obtain a generalized Seifert fibration 

(5.2) < : M; -> X' 

for some closed domain M- C Mj. Let us denote by X^^^ the comple- 
ment of a small neighborhood of the union of dX and the set of all 
interior (2, £:)-singular points in X. By Theorem 12.251 we may assume 
that 7^^ is both a circle fibration and a 6'(£:)-Lipschitz submersion on 
X'^'s. Recall that 7r'r\X'''s) is (3, ^(e))-regular, for large i. 

We set Mf := Mj - int M^. We will determine the topology of Mf 
in the rest subsections. 

5.1. Decomposition of Aff . 

Let us denote by M^°^ a (3, 6'(£:))-regular closed domain of Mj which 
contains 7rp^(X'''^^). By Theorem I2.46[ we obtain a smooth approxi- 
mation 

(5.3) /, : U{Mr^) ^ iV(Mf ^) 

for a neighborhood U{Ml'^^) of M^"^*^^ and some Riemannian manifold 
iV(Mf^). 
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Let US take Pa,i G Mj converging Pq, G C C dX, and 7^^^ a simple arc 
joining Pa^i and Pa+i^i converging to 7^. By the definition of regular 
covering, we may assume that 



is (3, ^(e))-regular. 

From now on, we fix any index a G {1, . . . , N} and use the following 
notations: p := Pa, p' '■= Pa+i, B := Ba, B' := B^+i, 7 := 7q and 
7" := 7„_i; and pi := Pa,i, p'i := Pa+i,i, li ■= la,i and 7-' := 7„-i,i. To 
avoid a disordered notation, we assume that all are equal to each 
other, and set r := ro,. 

Let 5' be a small positive number with 5' <^ 5. We will construct 
an isotopy of B{pi,r + 5') which deform the metric ball B[pi,r — 6') to 
some domain Bi such that 



(5.5) OB, - U{^i U 7.", 35/2) = 7rr{dB{p, r) - U 7", 35/2)); 

(5.6) 95, n 5(7, U 7,", 5) = dB{p,, r-6')n 5(7, U 7,", 5). 



In Figure [H the broken line denotes the metric sphere S{pi,r — 6') 
and the wavy line denotes the pull back of metric levels with respect 
to 7", 7 and p in X by vr^. 

Suppose that we construct such an isotopy and obtain a domain 
Bi = Ba^i satisfying (15. 5p and (15.61) for a moment. We consider the 
domain 



(5.7) 

A = := 5(7„,„ 35/2) U 7t', '(A(7„; S, 25)) - int (S,,, U S.+i,,). 




(5.4) 



B,^B{p,,r); 




Figure 1. : A domain near the corner 
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Then we obtain a decomposition of Mf : 

N 

(5.8) m;;c:= |JS„,,UD„,„ 

a=l 

(5.9) Mr= U m;;^. 

CcdX 

Now we construct an isotopy which deforms B{pi,r — S') to Bi sat- 
isfying fl5.5p and (15. 6p . From now on throughout this paper, we use 
the following notations. For any set A C Mj"^^, we set A := fi{A). 
We denote by U (A) a neighborhood of A in U (Mf ^) and N{A) by the 

image of U{A) by the approximation /j. Namely, N{A) = U{A). For 
any point x G A, we set x := /i(a;) G A. For any function : A — )■ M, 
we define : A — )■ M by 

(5.10) 0:=0o/-i. 

Let y be a gradient-like smooth vector fields for a Lipschitz function 
distp^ on N{{B{pi,r)U B{p[,r)UB{-fi, 26)) nM-"^) obtained by Lemma 

We take a Lipschitz function /i defined on B{pi,r + 5') such that 
h is smooth, 
< /i < 1, 

supp (/i) C 5(p„ r + 6')- f/(7. U 7.", 5/2), 
h = lon B{pi, r + 6')- U{^i U 7,", 5). 

We consider a smooth vector field h ■ V and its integral flow $. And 
we define the pull-back flow $t := o $4 o /j. Then by construction 
and Theorem 13. lit the flow $ transversally intersects v:[~^{dB{p,r) — 
?7(7 U 7", 5)). Then we can construct an isotopy by using the flow $, 
which provide a closed neighborhood Bi of pi satisfying (15. 4p . (15. 5p and 
(JLI. 

5.2. The topologies of the balls near corners. We first prove that 
dBi is homeomorphic to a closed 2-manifold. 

Lemma 5.2. dBi ^ dB{pi,r) is a closed 2-manifold. 

Proof. If Bi does not satisfy Assumption I2.28[ we have some sequence 
Pi with \piPi\ — )■ such that dB{pi,r) ^ S^., where we may assume 
that Pi = Pi. Since Mi has no boundary, dB{pi,r) is homeomorphic to 
or P\ 

If Bi satisfies Assumption 12.281 there exist a sequence (5j — )■ and 
Pi with IpiPil — > such that the limit {Y,yo) of {j-B{pi,r),pi) has 
dimension three. Here, we may assume that pi = pi. Then, by Soul 
Theorem 12.591 and Stability Theorem 12. 34[ dB{pi,r) is homeomorphic 
to S\ P\ or K^. □ 
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From ( 15. 5 p and the construction of Bi, we have 

(5.11) dBi-U{^iUi:,6)^S'xI. 
Now, we put Fi and F" as follows. 

(5.12) := OB, n fi(7., 6) and F^' := n B{i^, 6). 

Then, by Lemma [5^ Fi and F/' are 2-manifolds with boundaries home- 
omorphic to 5*^. By the generalized Margulis lemma [FYj . F^ has an 
almost nilpotent fundamental group. Hence F^ is homeomorphic to 
or Mo. 

Therefore, we obtain the following assertion: 

Lemma 5.3. dBi is homeomorphic to S"^, or . 

We now determine the topology of Bi. 

Lemma 5.4. Bi is homeomorphic to , Mo x I or i^i(P^). 

Moreover, z/diamSp > 7r/2 then Bi is not homeomorphic to Ki{P'^). 

Proof. We first consider the case that diamSp > 7r/2. Then by Propo- 
sition 12. 70^ Sp. is topologically a suspension over a one-dimensional 
Alexandrov space A of curvature > 1. Since 9Ep- = 0, A is a circle. 
Hence Pi is a topologically regular point. Note that, in this situation, 
any x G B{p,r) has diamE^; > 7r/2. Therefore, int -Bj is topologically 
a manifold, and Bi is not homeomorphic to -ft'i(P^). 

From now on we assume that diamSp < 7r/2. If i?j dose not satisfies 
Assumption 12.28) then, there exists pi such that lim|pjpj| = and 
B{pi, r) ^ i^i(Ep.) which is homeomorphic to or Ki(P^), where we 
may assume that Pi = pi- 

Suppose that Bi satisfies Assumption I2.28[ By Theorem 12.271 there 
is a sequence 6i of positive numbers tending to zero and points pi (where 
we may assume that pi = Pi) such that 

• any limit (1^, |/o) of {j:Bi,pi) as i — )■ oo, is a three-dimensional 
open Alexandrov space of nonnegative curvature; 

• denoting by S* a soul of Y, we obtain dimS* < 1. 

Then, by Soul Theorem 12. 59 j Y is homeomorphic to M.^, K{P^) or Mpt 
if dimS* = 0, or an M^-bundle over if dimS* = 1. Therefore, Bi is 
homeomorphic to -D^, Ki{P^) or -B(pt) if dimS* = 0, or 5*^ x or 
S^xD"^ ^ Mo X / if dim 5 = 1. By the boundary condition (Lemma 
15. 3p . Bi is actually not homeomorphic to x D^. It remains to show 
that 

(5.13) Bi is not homeomorphic to B(j)t). 

We prove (15.130 by contradiction. Suppose that there is a homeomor- 
phism fi : -B(pt) — > Bi. We will use the notations in the proof of 
Lemma 14.51 Recall that -B(pt) is obtained by the quotient space of 
5*^ X by the involution a. We consider the corresponding space P, 
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with an involution cTj such that its quotient is Bi. By the argument of 
the proof of Lemma we obtain the following commutating diagram: 

RxD^ Bi 

TV TTi 

51 X Bi 



5(pt) > Bi 

fi 

Here, the horizontal arrows are homeomorphisms, vr and tTj are the 
universal coverings, and n and ifi are the projections by involutions 
a and cij, respectively. We may assume that Fj, Aj) converges 

to {Z, zqjToo, Aoo) with Z = M X L, Aqo = M x if, L is a flat cone 
over a circle and if is a finite abelian group acting on L. Note that 
all elements of H are orientation preserving on L. Recall that a^o is 
expressed as aoo{x,y) = {—x,a'^{y)) and cxoo is orientation preserving 
on L. Therefore, [cr^] is orientation preserving on L/H. We remark 
that {L/H)/[a'^] = TpX. Then, L/H has no boundary. Indeed, to 
check this, we suppose that L/H has non-empty boundary. Then L/H 
is the cone over an arc. Since [a^] is non-trivial isometry on L/H, [a'^] 
is the reflection with respect to the center line. Therefore, [cr^] does 
not preserve orientation. This is a contradiction. 

Thus, L/H is the cone over a circle. It turns out that a'^ is a half 
rotation of L, and hence so is [a^] for L/H. This implies TpX has 
no boundary, and we obtain a contradiction. We conclude f l5.13p . and 
complete the proof of Lemma 15.41 □ 

Next, We will divide Di into two pieces Di = Hi U Ki depending on 
the topology of Fi. And we will determine the topology of Hi, Ki, and 

A. 

5.3. The case that is a disk. We consider the case that Fi ^ D^. 
Then, we divide Di into Hi and Ki as follows. 

Hr.= D,-Ui-f„6), 
Ki := DinB{-fi,6). 

5.3.1. The topology of Ki. We prove that 
Assertion 5.5. Ki is homeomorphic to D^. 

Ki is contained in a domain Li defined by 
(5.14) := A{pf, r - 6', \pp'\ - r/2) n 5(7,, 5). 



COLLAPSING THREE-DIMENSIONAL ALEXANDROV SPACES 63 



Since {dp.,d^.) is (c, 6'(£:))-regular near Lj nS{ji,6), by Theorem 12.331 
and Lemma [2. 40 1 Lj is homeomorphic to Fi x [0, 1] ~ D^. On the other 
hand, we can take a closed domain Ai C int Ki such that Ai ^ and 

(5.15) K° := 5(7„ 6/2) - {U{p,, 2r) U Uip',, 2r)) C int A. 

By Theorem [2331 and Lemma \2M[ Ki ^ Kf. Remark that := 
n B{'-fi,6) is homeomorphic to D^. Indeed, if we assume that 
F- ^ Mo, then dKi ^ P^. Then, by the embedding fl5.15p . we have 

p2 ^ dK^i C int Ai ^ 

This is a contradiction. Therefore, F- and dK^ ^ dKi ^ S"^. By 

Theorem 12.331 dK^ is locally flatly embedded in Ai ^ D^. Therefore, 
by the generalized Schoenflies theorem, we conclude Ki f» Kf ^ D^. 

5.3.2. The topology of Hi. 

Assertion 5.6. Hi is homeomorphic to x and the circle fiber 
structure on Hi induced by the standard one on x is compatible 
to n'^. 

Let us define a domain Q G X hj 

(5.16) Q := A{r, 6 - 6', 26 + 6') - {U{p, r - 26') U U{p', r - 26')). 

Note that Q is homeomorphic to a two-disk without (2, 5)-singular 
points. Then Qi := vrp^((5) is topologically a solid torus, and Hi is 
contained in the interior of Qi. 

We will construct an isotopy (p : Qi x [0,1] ^ Qi satisfying 

(5.17) <p{;0) = idQ^, 

(5.18) ip{Q,,l) = H,, 

(5.19) (f : dQi X [0, 1] ^ Qi — int Hi is bijective. 

If we obtain such a (f, then by fl5.18p . we conclude Hi ^ Qi ^ x D^. 
And by fl5.19p . we can obtain the circle fiber structure of Hi over Q 
which is compatible to the generalized Seifert fibration ir'-. 
Next we use the conventions as in fl5.10p . 

Lemma 5.7. There is a smooth vector field X on N{Qi — Hi) such 
that it is gradient-like 

• for dp. and dp o n'i on N{B{pi, r + 6') H Qi — Hi); 

• for dp', and dp' o n'- on N{B{p'i, r + 6') H Qi — Hi); 

• for d^. and d^ o tt'- on N{B{'~fi, 6 + 6') (1 Qi — Hi); and 

• for —d^- and —d-y o tt- on N{Qi — Hi — U{ji, 26 — 6')). 
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Proof. Let us take gradient-like smooth vector fields V, V' and W 
for dp., dp'^ and (i^. on N{Qi — Hi). We prepare a decomposition of 
Qi — int Hi as follows: 

8 

(5.20) Qi - int Hi = [j A^. 

a=l 

See Figure m Here, we define 



Ai := 


{Q^- 


■ int Hi) n (5(7., 5) - U{{p„p'i}, r + 5')) , 


A2 := 


{Q^- 


- int H,) - (f/(7„ 25 - 5') U U{{p„p\], r + 5')) , 


a; ■■= 


B{p^, 


r + 6')nB{^,,5 + 5'), 


Al := 


B{p^, 


r + 5')nA{ni-5 + 5',25-5'), 


a; := 


B{p^, 


r + 6')-U{-f„26-6'). 



Similarly, we put 

a; ■=B{p[,r + 5')r\B{^.„5 + 5'), 

a; := B{p'i, r + 6')n A(7,; 6 + 5', 26 - 6'), 

a; ■.= B{p[,r + 6')-U{^„26-6'). 

And we define A^, A4, ■ ■ ■ , by 

Aa := A^nQi- int Hi for a = 3,4:, ... , 8. 




Figure 2. : The decomposition of Qi 

We take smooth functions [a = 1, ... ,8) on N{Qi — Hi) such that 

< /la < 1, 

/iq, = 1 on Aa, 

supp(/ia) C fi(ia, 57100). 
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We define a vector field X as 

X ■=hiW -h2W 

+ h{V + W) + h^V + h{V - W) 
+ he{V' + W) + h-rV' + hsiV' - W). 

Then, we can show that X satisfies the conclusion of Lemma 15.71 as 
follows. We will prove it only on N^A^). 

We consider the integral flow $ of X and the pull-back $t := /-"^ o 

° ft- It suffices to show that 

(5.21) $ rh distp^ 

(5.22) $ rh dist^, 

(5.23) $ rh distp o 7i[ 

(5.24) $ rh dist^ o n'. 
on N{As). We can write 

X = aV + ^W 

for smooth functions a,(3 > with 1 < a + /3 < 3, on N{A3). By a 
direct calculus, we have 

\X\ > V2-e{e), 
Z(X, t>) < 7 + 0{s), Z(X, ly) < 7 + 9{e), 



Let us set 

Then we have 
And we set 
Then we obtain 





10. 


d 




~ di 


t=o+ 



X{x) = dfr\X{x)). 
V:=df-\V), W:=df-\W). 



V = Wdp^,W = Wd^, 



Here, A = A' means < e{e). 

Since is a ^(e)-almost isometry, we have 

|X| = \V,X\ = \V,X\, Z(V,X) = Z(\/,X). 

Hence, we obtain 

|X| > V2-e{e), 

Z{p[, X) > Z{p[, V) - Z(y, X) > TT - 7 - 9{e). 

Therefore, we have 

(c/pJ'(X) = -|X|cosZ(p'„X) > l/V5-9{e). 
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This implies f l5.2ip . 

For any fixed scale (o), we set 

rf7r::=(expi;}^))"io(7rO(f)oexp(f). 
By Proposition I3.10[ we have 

A{p\d7:[{X))<^ + e{e), \d7i[{X)\ > V2-eie). 
Therefore, we obtain 

(dist, o 7r,')i°)(expi°H^)) = -Mtt^X)! cos Z.^(.)(p', dn[{X)) 

> l/V5-e{e). 

Thus, we obtain (15. 23 p . 

In a similar way to above, we can prove fl5.22p and f l5.24p . □ 

By Lemma \5.7\ we obtain an isotopy ip based on $ satisfying from 
( KIT} to flCTj) . 

Therefore, we conclude that if Fi ^ then Di ^ D^. 

5.4. The case that Fi is a Mobius band. We consider the case that 
Fi PS Mo. We prove that 

Lemma 5.8. is [3, 9(e)) -strained. 

Proof. We first define a domain Li similar to f l5.14p : 

:= A{pf, r/2, \pp'\ - r/2) n 5(7,, 35). 

To prove Lemma [5. 8 j it suffices to show that 

(5.25) Li is (3,^(e))-regular. 

By Theorem 12.331 and Lemma I2.40[ we have Li ^ Mo x /. Let Li 
be the orientable double cover which is homeomorphic to [S^ x /) x /. 
Since Li is a covering space of Li, Li has the metric of Alexandrov 
space with Li = Li/ (a) for an isometric involution a on Lj. 

Since the projection Lj — Lj is a local isometry, to prove (15. 25 p . it 
suffices to show that 

(5.26) Li is (3,^(e))-regular. 

Lj converges to the following closed domain Lq^ in X: 
L^ = A{p; r/2, \pp'\ - r/2) n ^(7, 35). 

We may assume that Lj converges to some two-dimensional space Y'^. 
Note that Loo is 1-strained, and hence Li and Li is also 1-strained. 
Therefore, 

(5.27) Y is 1-strained. 

From the form of Lqo, we have that Y"^ is a two-disk having no e-singular 
points. Indeed, if Y has a boundary-point in the sense of Alexandrov 
space, then from an argument similar to the proof of Assertion 15.51 
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Li contains a domain homeomorphic to x / or Mo x /. This is a 
contradiction, and hence Y has no boundary. By this and (15.271) . Y 
is 2-strained. Therefore, Li is 3-strained, this is the assertion (15.261) . 
This imphes (I5.25P , and completes the proof of Lemma 15.81 □ 

By Lemma 15^ and Theorem l3.2l we have a Lipschitz flow $ which is 
gradient- like for distp- near Di. We divide Di into Hi and Ki as follows. 

Ki := the union of flow curves of $ 

starting from Fi in -B(7j, 25) — int B[. 

Hi := Di - int Ki. 

Note that the union of flow curves of $ starting from dFi is contained 
in Al'ji] S — 6", S + 6") for some small 6" > 0. By the construction, 
Ki RiMox L 

We will prove that 

Assertion 5.9. Hi is homeomorphic to x and the circle fiber 
structure on Hi induced by one on x is compatible to vr^'. 

Proof. Let Qi be a closed neighborhood of Hi obtained in a way similar 
to the construction of Qi in the subsection 15.31 We actually define 

Q := Air, 5 - 5\ 25 + 5') - f/({p,p'}, r - 25'), 
Q^:=<^\Q). 

We prepare a decomposition of Qi — int Hi = Ua=i ^ similar 

to (15.201) in Lemma 15. 7[ Actually, we define A^, A2, Ag as same as 
Lemma [5. 7t and other A^s are defined by 



Ai 


= {Q: 


- int H;) n (5(7., 5 + 5") - f/(te, K}, r + 5')) , 


A3 


= {Q^ 


- int H^) n 5(p„ r + 5')n B{r, S + 5"), 


Ae 


= {Q^ 


- int Hi) n B{p[, r + 5')n B{r, 5 + 5"), 


A, 


= {Q^ 


- int {Hi U A3 U A5)) n B{pi, r + 5'), 


A-j 


= {Q^ 


- int (Hi U Ae U Ag)) n 5(p'„ r + 5'). 



Since Vdistp. and Vdist^- are almost perpendicular to each other on 
Qi — int Hi, we can obtain a flow $ which has nice transversality as 
Lemma 15.71 And we can construct an isotopy from the identity to 
some homeomorphism which deforms Qi to Hi inside Qi. Therefore, 
we obtain a circle fibration of Hi over Q which is compatible to the 
generahzed Seifert fibration tt-. This completes the proof of Assertion 
El □ 

Therefore, we conclude that if Fi ^ Mo then Di ^ Mo x /. 

Proof of Theorem \1.5[ It remain to show that each component M-'^j of 
Mf has the structure of a generalized solid torus or generalized solid 
Klein bottles. It is clear from Sections 15.31 and 15.41 □ 
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5.5. Proof of Corollary 11.61 To prove Corollary 11.61 we show ele- 
mentary lemmas. We define the mapping class group MCG(F) of a 
topological space F to be the set of all isotopy classes of homeomor- 
phisms of F. 

Lemma 5.10. Let F he a topological space. For any element 7 of the 
mapping class group MCG(F), we fix a homeomorphism ip^ : F ^ F . 
such that ip^ G 7. Let us set B = F x [0, 1] and tt : S — )■ [0, 1] a 
projection. For any homeomorphisms fi : F ^ 7r~^{i), for i = 0,1, 
there exist 7 G MCG(-F) and a homeomorphism h : F x [0,1] ^ B 
respecting n such that, for every x E F, h{x,0) = fo{x) and h{x, 1) = 
/i o 

Proof. Let us set Ft = vr~^(t) = F x {t}. Let us define the translation 
Xt '■ Fq Ft by Xt{x, 0) = (x, t), and set a homeomorphism ft = Xt°fo '■ 
F ^ Ft. Note that /o = /q. Let us take an element 7 G MCG(F) 
represented by a homeomorphism f^^ o fi of F. Then, there is a 
homeomorphism gt : F ^ F , for < t < 1, such that 

go = id and f^o gi = f^o ip^. 

Therefore, setting ht = ft o gt : F Ft, we obtain 

Hq = /o and hi = fi o ip^. 

Hence, defining h : F x [0,1] ^ B hj h{x,t) = ht{x), h satisfies the 
desired condition. □ 

Lemma 5.11. Let Y be a generalized solid torus or a generalized solid 
Klein bottle. Let n : Y ^ be a projection as (11.21) . Then, there is a 
continuous surjection 

V-Y^[0,1] 

such that ?7~"'^(1) = dY and, setting 

<l> = {TT,r]):Y^S'x [0,1], 

$ is an S^-bundle over x (0, 1]. Further, for every x G S^, $~^(a;, 0) 
is a one point set or a circle, and the homeomorphic type of the fiber 
^~^{x,0) changes if and only if that ofn~^{x) changes. 

Proof. Let us take ordered points ti,t2, ■ ■ . ,t2N-i,t2N £ •S'^ changing 
the fiber of vr. Then, for a small e > 0, setting Ik = [tk — e,tk + e] C 5"^, 
7r~^(Jfc) is homeomorphic to Ki{P^). 

We regard Ki{P'^) = IJte[-i 1] -^(^) Definition II. 4[ Let us define a 
continuous surjection 9 : Ki{P^) — t- [0, 1] by 

if t > 

+ if t < 

This is well-defined. {6 is like the square of the distance function from 
the center of each surface D{t). If t < 0, then the center means a point 



e{x,y,z) 
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D{t) n {x^ + = 0} of disk D{t), and if t > 0, then the center means 
a centric circle D(t) fl = 0} of a Mobius band D{t)). Let us fix 
a homeomorphism ip^ '■ Ki{P'^) Tx~^{Ik) respecting vr. We define a 
continuous surjection 

r/fc = 0ov9^i:7r-i(4)^[O,l]. 

Thus, a continuous surjection from the disjoint union of 7r~^(/fc)'s to 
[0, 1], is defined, and satisfies the desired property. 

It remain to show that the domain of rjkS can extend to the whole 
y, satisfying the desired property. Let Jk := [tk + s,tk+i — e] d 
be the interval between and /fc+i- Let us set = vr~^(tfc + e) 
which is homeomorphic to or Mo. Let = 7r~^{tk+i — s) which is 
homeomorphic to F^. 

Suppose that Fk ^ D'^. We recall that D{-1) C dKi{P^) is defined 

as 

{(x, y, z) eW^ \ + - = -l,x^ + < l}/{x, y, z) ~ -(x, y, z). 

We identify this as = {(x, | + < 1} by a map 

D{-\) 3 [x,y,z] h-> {x,y) E . 

Then, via tpk-, the map rjk : F^ ^ [0, 1] can be identified as the map 

^':Z}2->[0,1]; {x,y)^x^ + y\ 

Namely, r]^ = 9' o (p-\ Similarly, r]k+i = 9' o ip'^^. Here, ipk and ipk+i 
are restricted on D"^ C dKi{P'^). Let r : D"^ -)■ D^; {x,y) H- (x, — 
be the reflection with respect to the x-axis. We note that 9' o r = 9' 
and r represents a unique non-trivial element of the mapping class 
group MCG(-D^) (= Z2) of D^. By using Lemma 15.101 we obtain a 
homeomorphism 

(^fc : X Tr-\Jk), 

respecting projections vr and x Jk ^ Jk such that y?'^ = ipk on F^ 
and either 

V9fc = v^fc+i on Gk, or 
ip'^ = ifk+i or on Gk- 

Hgiicg 

v'k = 9'o{^',)~^■.^,-\.h)^[Q^] 

satisfies 

?7fc = r]k on Ffc and 77^ = r/^+i on Gk- 

Therefore, if the fiber of vr on Jk is a disk, then 77^ and rjk+i extend to 
the map 77^ on vr~^(Jfe), satisfying the desired property. 
Next, we assume that Fk ~ Mo. We recall that -D(l) is 

{{x,y,z) \ + y'^ - x^ = l,\z\ < l}/{x,y,z) ~ -{x,y,z). 

Let us identify D{1) C dKi{P^) as Mo defined by 

M6 = S^x [-1, l]/(x, s) ~ (-X, -s) 
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Via a map 



D{1) 3 [x,y,z] ^ 



G Mo. 



Then, 77^ is identified as a projection 

9" : M5 3 [x,s] ^s"^ E [0,1], 

via Lfk- Namely, rjk = 9" o (^^^ on Fk- And we can see r]k+i = 9" o v?^^;^ 
on Gk- Let us fix a homeomorphism r : Mo — )■ Mo defined by r[x, s] = 
[x,s], where x is the complex conjugate of x in C C Then, r 
reverses the orientation of c^Mo. Hence, r represents a unique non- 
trivial element of the mapping class group MCG(Mo) = Z2. And, we 
note that 9" or = 9" . By Lemma [5.101 there exists a homeomorphism 

respecting projections vr and Mo x — J^^ such that Lp'^, = ipk on Fk 
and either 

ip'l = ipk+i on Gk, or 
ifk = (fk+i or on Gk- 
Since 9" = 9" o r, we obtain a continuous surjection 
vl = 0"o{vlr':7r~\Jk)^[O,l] 

satisfying 

r]l = rjk on Fk and if]l = r]k+i on Gk- 
By summarizing above, we obtain a continuous surjection 

r/ : F ^ [0, 1] 

satisfying the desired condition. □ 

Proof of Corollary \1.6[ We may assume that X has only one boundary 
component dX. By Theorem 11.51 there are decompositions 

Mi = M; U M[' and X = X' U X" 

satisfying the following. 

(1) X" is a collar neighborhood of dX. We fix a homeomorphism 

: 9X X [0, 1] ^ X" such that x {0}) = dX and </?(aX x 

{1}) = dX'- 

(2) M[ is a generalized Seifert fiber space over X' X. We fix a 
fibration f^:Ml^ X' of it; 

(3) Mf is a generalized solid torus or a generalized solid Klein bot- 
tle. We fix a projection Tii : Mf ^ (9X ^ 5^ as in 
Definition [Lil 
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(4) The maps vTj and ip are compatible in the following sense. 
For any x € dX, 

7r-\x)ndM:' = {f:)-\^{xA)) 

holds. 

By Lemma [5.11[ we obtain a continuous surjection 

r/, : Mi' [0, 1] 

such that 

(5) rjr\l) = dMr, 

(6) Setting gi = {ni,r]i) : M" — )■ dX x [0, 1], the restriction of gi on 
g-^ {dX X (0, 1]) is an ^^-bundle; 

(7) For every x E dX, g~^{x,0) is one point set or a circle. And, 
the fiber of gi changes at a; G dX if and only if the fiber of tTj 
changes at x. 

Then, the map 

/;' = y.o^,:M;'^x", 

satisfies 

= onM^nMl'. 
Therefore, the gluing fi'.Mi^Xoi maps // and f" defined by 

n on m; 

on 



is well-defined. The map fi satisfies the topological condition desired 
in Corollary 11.61 

From the proof of Theorem 11.51 and the construction of X", for any 
e > and large we can take vTj : — )■ dX as an e- approximation 
and : dX x [0, 1] — )■ X" satisfying 

I |v5(x, t), V5(x', — |x, x'l I < e 

for any G 9X and t, t' G [0, 1]. Then, one can show that fi is an 
approximation. □ 

6. The case that X is a circle 

Let {Mf} be a sequence of closed three-dimensional Alexandrov 
spaces with curvature > —1 and uniformly bounded diameter. Suppose 
that Mi converges to a circle X. We will prove Theorem 11.71 

Proof of Theorem We first show 

Lemma 6.1. For large i, S^. S"^ for all x G Mj. In particular, Mi is 
a topological manifold. 
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Proof. Indeed, by Proposition 12.70^ we may assume that diam E^,^ is 
almost TT for each Xj G Mj. It follows from Theorem 12.351 and dMi = 
that Sj.. is homeomorphic to the suspension over a circle, which is 2- 
sphere. Therefore, by Theorem 12. 34^ Mj is a topological manifold. □ 

By taking a rescaling, we may assume that Mj converges to the unit 
circle X = = {e'^ e C\9 e [0,27r]}. We take points p+ := 1 and 
p~ := — 1 G S*^, and prepare points pf and p'[ G Mj converging to p'^ 
and p~, respectively. Let us set g"*" := and q~ := G S^, 

and take q^, q~ G Mj such that — > g^*". 

Let us take 6i the diameter of a part of dB{pi, it/2) which is GH-close 
to g+ G 5*^. We consider metric balls 

Bt := B{pt, - 6,) and 5" := B{p-,i, - 5,). 

Here, ii = \pf,p^\/2. By the construction, B^ fl = 0. We prove 
the next 

Lemma 6.2. Bf" is homeomorphic to x [0, 1]. Here, is home- 
omorphic to S'^, P^, or . 

Proof. We will prove this assertion only for B^'. Let us set Bi := Bf 
and Pi := pf. 

By Lemma 16. Mj is a manifold. We will implicitly use this fact 
throughout the following argument. 
Remark that 

(6.1) dBi is disconnected. 

If Bi does not satisfy Assumption I2.28[ then there exists a sequence 
Pi G Mj, where we may assume that pi = Pi, and dBi ^ Sp. ^ S"^. 
Hence dBi is connected. This is a contradiction. 

Therefore, Bi must satisfy Assumption 12.281 Then, by Theorem 
12.27^ there exists — ?■ and points pi G Mj, where we may assume 
that pi = Pi, such that a limit (Y,yQ) := \imi^oo{j-Bi,Pi) exists and 

has dimension > 2. We remark that Y has a line, because Zq^piq~ 
IT. It follows from Theorem 12.191 Y is isometric to x M for some 
nonnegatively cured Alexandrov space 5* of dimension at least one. 

If dim S = 2 then by Theorem I2.34[ S has no boundary, and the 
topology of Bi can be determined. By the remark (16. ip . S is compact, 
and hence, either S is homeomorphic to S"^ or P^, or is isometric to 
a fiat torus or a fiat Klein bottle. Again, by using Theorem 12. 34^ we 
conclude that Bi ^ S x L 

If dim 5" = 1 then by Theorems 11.31 and II. 5[ the topology of Bi can 
be determined. It follows from the remark 16.11 S is compact. Hence 
S is isometric to a circle or an interval. If S* is a circle, then Y has 
no singular point. Then we can use Theorem I2.25[ and therefore we 
conclude that Bi is homeomorphic to x J or K"^ x J. If S" is an 
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interval, then by Theorem II. 5[ Bi is homeomorphic to x I, P"^ x I 
or K'^ X I. 

This completes the proof of Lemma 16.21 □ 

Recall that qf are points in Mj converging to = ±^/^ G S^. Let 
us consider 

Dt:=B{qt,n/2)-mt{BtUB-)- 

Let us set 

S^:=BtnDt. 

By Lemma Ea Sf ^ F^. 

Lemma 6.3. There is a homeomorphism (pi : x [0, 1] — t- such 
that ^,{F+ X {0}) = St and <P,{F+ x {1}) = . 

Proof. Let Wi be the component of S{pi,ii) converging to g = G 
S^. Recall that Si = diamVFj. Then 6i — )■ 0. 

Let us take qi G Wi and consider any limit F of a rescaling sequence: 

(6.2) (^M„g,)^(>^,goo). 

Let 7^ be rays starting at goo which are limits of geodesies qipf. Since 
^Ptli^i TT, := 7i U 7" is a line in Y. 

Let Woo be the limit of Wi under the convergence fl6.2l) . By the 
choice of 6i, diamPFoo = 1- We will prove that 

Assertion 6.4. Y is isometric to Woo x IR- In' particular, dimY > 2. 

Proof of Assertion \6.4\ Let us consider functions 

ff{-) := di{pf,-) -di{pf,qi) 
b^{-) := hm d{ji{t),-)-t. 

Here, di is the original metric of Mi multiplied by l/6i. The functions 
are the Busemann functions of the rays 7^. Then, we can show 
that ft converges to 6^. Therefore, we obtain Woo = (^''')~^(0). This 
completes the proof of Assertion 16.41 □ 

By Assertion 16.41 dim Woo = 1 or 2. If dim Woo = 2 then by Theorem 
12. 34^ we have a homeomorphism 

^i-.Dt^WooX [-1,1] 

with respect to functions ft and 6^. Namely, 

Miftr\t)) = {b^)-\t) 

whenever t is near { — 1,1}. In particular, 

St = {ftr\i) ^ ib^r\o) = Woo^ (/-)-^(i) = sr. 

And, in this case, Woo ~ ^^ P^ or K\ 
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If dimVFoo = 1, then W^o is a circle or an interval. If W^o is a circle, 
then by Theorem 12.251 and some flow argument, there is a circle fiber 
bundle 

Tii : Dt ^WooX [-1,1] 
such that n-\Woo x {±1}) = Sf. In this case, Sf ^ or K^. 

If Woo is an interval, then by using Theorem 11.51 and some flow 
argument, we have a homeomorphism 

<Pr.Dt ^ St X [-1,1] 

such that (f)i{Sf) = S+ x {±1}. In this case, Sf ^ S\ or K\ 
This completes the proof of Lemma 16.31 □ 

Let Fi be a topological space homeomorphic to ~ Sf. By Lem- 
mas 16.21 and 16. 3[ we obtain homeomorphisms 

^f:F,x[0,l]^Bt, 

: X [0, 1] ^ Df 

such that they send the boundaries to the boundaries. Therefore, Mi = 
B+ U B; U D+ U D; is F^-bundle over S^. □ 

7. The case that X is an interval 

Let {Mi} be a sequence of three-dimensional closed Alexandrov spaces 
of curvature > —1 with diamMj < D. Suppose that Mj converges to 
an interval /. Let dl = {p,p'}. And let Pi,Pi G Mj converge to p,p', 
respectively. We divide Mj into Mi = BiUDiUB^, where Bi = B{pi,r), 
B[ = B{p[, r) for small r > 0, and A := M - int {Bi U B'^j. 

Proof of Theorem li.gl In a way similar to the proof of Lemma 16. 3[ we 
can prove that there exists a homeomorphism (pi : Fi x I Di such 
that (f)i{Fi X 0) = dBi and (f)i{Fi x 1) = dB'^, where Fi is homeomorphic 
to one of S\P\ and K^. 

Next, we will flnd the topologies of Bi (and B[). If Bi does not 
satisfy Assumption 12.28"! then Bi is homeomorphic to or Ki{P'^). 
Hence, we may assume that there exist sequences 5j — j- and Pi such 
that a limit {Y^yo) = limi^oo j-{Bi,pi) exists, where we may assume 
that Pi = Pi, and K is a noncompact nonnegatively curved Alexandrov 
space of dimF > 2. 

If dimF = 3 with a soul S G Y, then Theorem 12.591 implies Bi is 
homeomorphic to one of 

• D'\ Ki{P^) and B{pt) if dim5 = 0, 

• xD"^ and S^xD^ if dim 5 = 1, and 

• B{N{S)) and ^(Ss) and B^S^) if dim 5 = 2. 

Here, N{S) is a nontrivial line bundle over a closed surface S of non- 
negative curvature and B{N{S)) is a metric ball around S in N{S), and 
B{Si) is a metric ball around Si in Li = L{Si) for i = 2,4 (see 12.8.11) . 
B{N{S)) is homeomorphic to one of nontrivial twisted /-bundles over 
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a closed surface S with connected boundary. We determine the topol- 
ogy of B{N{S)) as follows: If S ^ S"^, N{S) is isometric to S x R, 
which is a contradiction. If S* ~ P^, we have the line bundle N{S) 
induced by the double covering vr : 5 -> S*. Since N{S) = S* x M, we 
find N{S) = S X M/(x,t) ~ {a{x), —t), where a is the involution on 
S with S/a = S. Thus B{N{S)) is a twisted /-bundle over P^; which 
is homeomorphic to P^ — int-D'^. If S is homeomorphic to either 
or K^, then N{S) is a complete flat three-manifold. By [Wl Theorem 
3.5.1] we obtain that B{N{S)) is a twisted /-bundle over T^; which is 
homeomorphic to Mo x S^, an orientable /-bundle K^xl over Z^^, and 
a nontrivial non-orientable /-bundle K^xl over . 

If dimF = 2 and BY = 0, then either Y is homeomorphic to or 
isometric to a fiat cylinder or a fiat Mobius strip. 

Suppose that F ^ M^. Let us denote by m the number of essential 
singular points in Y. Then m < 2. When m < 1, Theorem II. 31 together 
with Lemma implies that Pj ^ S*^ x or P(pt). If m = 2, then F 
is isometric to the envelope dbl (IR+ x [0, i]) for some i > 0. Let P be a 
closed ball around {0} x [0, in y. By Theorem 1 1.3 1 Pj is a generalized 
Seifert fiber space over P and its boundary dBi is homeomorphic to 
or K"^. We may assume that Pj has actually two singular orbits 
over two singular points (0, 0) and (0, £) in Y. Here, a singular orbit is 
either a (2, l)-type fiber corresponding to the core of or the interval 
fiber of Mpt in this case. The topology of Pj is determined as follows: 
When two singular orbits are both (2, l)-type, int Pj is homeomorphic 
to f/2 1 1- Since U2 i is an M-bundle over Mo, int Pj is an M-bundle 
over K^. By the boundary condition, Pj is homeomorphic to K'^xl if 
dBi PS or /T^x/ if dBi K"^. When singular fibers of Pj are (2, 1)- 
type and an interval, int Pj is homeomorphic to U2 i UgM^^. Then Pj is 
homeomorphic to one of B{S2) C ^2,1 with S2 ~ P^. When Pj has two 
singular interval fibers, intPj is homeomorphic to M^^ Ug M^^ which is 
L4. Then Pj is homeomorphic to B{S4). 

If y is a fiat cylinder, then dBi is not connected, and hence this case 
can not happen. 

If Y is isometric to a fiat Mobius strip, then Pj is an S'^-bundle over 
Mo. Therefore, we have Pj ^ Mo x or K'^xl. 

If dimF = 2 and BY 7^ 0, then Y is either isometric to a fiat half 
cylinder S^{€) x [0, 00) or [0,£] x M, or homeomorphic to a upper half 
plane = M x [0,cx)). 

If y is a flat half cylinder, then dY has no essential singular point. 
Therefore, Pj is a fiber bundle over with the fiber homeomorphic to 
or Mo. In other words, this is a generalized solid torus of type or 
a generalized solid Klein bottle of type 0. 
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If y = [0, 1] X M, then dBi is not connected, and hence this case can 
not happen. 

Suppose that Y is homeomorphic to M^. Let us set m := jjEss (int Y) 
and n := jjEss {BY). Then m < 1 and n <2. 

If m = and n < 1 , then by Lemma I5.4[ Bi is homeomorphic to one 
of L>^ M5 X / and Ki{P^). 

If m = and = 2, then Y is isometric to IR+ x [0, for some £ > 0. 
Let B := [0,c] x [0,£] for some c > 0. By Corollary 11.61 there is a 
continuous surjective map 

TT-.Bi^ B. 

We may assume that Bi has two topologically singular points converg- 
ing to the corners (0, 0) and (0, £) of Y . We divide B into two domains 

A, = [0,c] x{ye [0,£] I {-iy{y-l/2) > 0} C 5 

for j = 1, 2. Since 5^ has two topologically singular points, TT~^{Aj) ^ 
Ki{P^). Then, Bi is homeomorphic to Ki{P^) Ud^ Ki{P^) if 7i~\Ai n 
As) ^ or fs:i(p2) Umo Ki{P^) if 7r-i(Ai n A2) ^ M5. By Lemma 
12.611 and Remark 12. 62^ Bi is homeomorphic to i?(pt) or B{S2) C ^2,2 
with ^2 ~ 

If m = 1, then n = and Y is isometric to a cut envelope M x 
[0, h]/ {x, y) ~ (—a;, y) for some > 0. Let B := Y r\ {{x,y)\x < r} 
which is homeomorphic to D^. By Theorem II .Sj there is a generalized 
Seifert fibration Hi : Wi ^ B such that Bi is homeomorphic to a gluing 
of VFj and Fi x [— r, r] via a homeomorphism 

X [-r, r] D SF^ x {x} ^-^ 7rri(x) C 7rri({(x,/i) G 5 | x G [-r, r]}) 

for all X G [— r, r]. Here, Fi is or Mo. We may assume that Wi 
contains a singular orbit over the singular point (0, 0) G inti?. If the 
singular orbit is a circle, then Wi is isomorphic to a Seifert solid torus 
V2,i of (2, l)-type. Remark that Wi can be regarded as /-bundle over 
Mo, which corresponds to the preimage of the Seifert fibration over 
{0} X [0, h] C B. Then, Bi is isomorphic to an /-bundle over MoUg Fi. 
Therefore, it is P^x J ^ p3 _ j^^^^s jf p. ^ ^2^ or K^xl if Fi ^ Mo. 

If the singular orbit is an interval, then Theorem 11.31 shows that Wi 
is isomorphic to M^^^. Recall that Bi is homeomorphic to the union 
Wi U Fi X /. Therefore, Bi is homeomorphic to B{S2) C /v2,2 with 
^2 ~ if Fi ^ D^, or B{S2) C L2,3 with ^2 ^ P^ if Fi ^ M5. ' 

This completes the proof of Theorem 11.81 □ 

8. The case that X is a single-point set 

Lemma 8.1. If M is a three-dimensional nonnegatively curved closed 
Alexandrov space, then a finite covering of M is , S"^ x S"^ or simply- 
connected. 
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Proof. We may assume that |7ri(M)| = oo. Then a universal covering 
M of M has a hne. Thus, M is isometric to the product M'^ x Xq, 
where 1 < k < 3 and Xq is a (3 — /c)- dimensional nonnegatively curved 
closed Alexandrov space. 

• If /c = 3 then M is the Euclidean space. Then a finite covering 
of M is T3. 

• li k = 2 then Xq is a circle. Then M is not simply-connected, 
this is a contradiction. 

• If /c = 1 then Xq is homeomorphic to 5*^. Then a finite covering 
of M is homeomorphic to 5^ x S^. 

□ 

Proof of Corollary \1.9[ Let {Mj} be a sequence of three-dimensional 
closed Alexandrov spaces of curvature > —1 with diamMj < D, which 
converges to a point {*}. Let 6i := diamMj. Then the rescaled space 
j-Mj is an Alexandrov space with curvature > —6f having diameter 
one. Then, the limit Y of the rescaled sequence j-Mj is a nonnegatively 
curved Alexandrov space of dimension > 1. If dimF = 1 then Mj is 
homeomorphic to a space in the conclusion of Theorems 11.71 and 11.81 
If dimy = 2 and dY = then Mi is homeomorphic to a generalized 
Seifert fiber space having at most 4 singular fibers. If dimF = 2 
and dY ^ then Mj is homeomorphic to a space in the conclusion of 
Theorem 1 1 . 5 1 wit h at most 4 topologically singular points. If dimy = 3 
then by Stability Theorem, Mj is homeomorphic to Y. In this case, 
the topology of Y is already obtained in Lemma 18.11 □ 

9. Appendix: ^-regular covering of the boundary of an 

Alexandrov surface 

Let X be an Alexandrov surface with non-empty compact boundary 
dX. Let us denote C by a component of dX. The purpose of this 
section is to prove Lemma which state the existence of an e-regular 
covering of C, used in Section O 

We will first prepare a division of C by consecutive arcs 7i, 72, • • • , 7n 
with dja = {Pa,Pa+i} and Pn+i = Pi- We next prove that this division 
makes the desired regular covering {Ba, Da}a=i,2,...,n of C. 

For e > 0, we define 

SeidX) := {pedX\ < TT - £}, 

where L{T,p) is the length of Sp. Note that ^^(SX) is a finite set. And 
we set 

R,{dX) ■.= dX-S,{dX), 

and 

Se{C) := Se{dX) n C and R,{C) := Re{dX) n C. 
We review fundamental properties. 
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Lemma 9.1. Fore > and p G R^{dX), there exists 5 > such that 
for every x G B{p, 6) — dX , we have 

I'Vdgxlix) > cose. 

Proof. Suppose the contrary. Then, there are a sequence (5j — )■ and 
Xi G B{p,6i) — dX such that \VdQx\{xi) < cose. Taking a subsequence, 
we consider the hmit x^o G B{op, 1) C TpX of Xi under the convergence 
{j-X,p)-^iTpX,Op). 
If \dTpX,x^\ > 0, then 

|VdOTpx|(a;oo) > - cos (n-^^ = cos . 

By the lower-semicontinuity of angles, 

limini \VdQx\{xi) > | Vrf^TpX | (^oo ) • 

This imphes a contradiction. 

When \dTpX,Xoo\ = 0, we take yoo e B{op, 1) - U{dTpX, 1/2) such 
that 

\dTpX, yoo\ ^ cos Zx^oVoodTpX > cos (^^ . 

We take a sequence yi G B{p, ^) — U {dX, ^) such that yi — )■ y^o under 
the convergence {j-X,p) — )■ (TpX, Op). Since the distance function ddx 
is A-concave for some A on intX, 

< ^\x,y,\ + {dgxY^MO 

< ^\xiyi\ + \Vddx\ixi). 

Remark that Xj^/j C intX (Remark 19. 2^ later). It is obvious that 

\dTpX, y^\ , . ^ ^ 
— )■ — — (as I — )■ ooj. 

I -^OO ; Voo I 

Therefore, we conclude 

cos(£:/2) < cose 

This is a contradiction. Therefore, we have the conclusion of Lemma. 

□ 

Remark 9.2. The interior of an Alexandrov space is strictly convex. 
In fact, let p,q E int M. For every x, y G int {pq) (the relative interior), 
S3; = Ey ( [Pet Para] ). If a; is near p then x G int M, and hence dUx = 0- 
Then dHy = 0. Therefore, pq C int M. 

Corollary 9.3. For any e,s > 0, there is 61 > such that 

\Vdsx\ > cose 

onB{dX, 61) - {dX UU{Se{dX),s)). 



\dX,yi 


1 - \dX,Xi\ 




yi\ 





\dX,y, 


1 - \dX,Xi\ 




Xiyi 
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Proof. The proof is provided by Lemma 19.11 and Lebesgue covering 
lemma. □ 

Lemma 9.4. For any s > 0, there is 62 > such that 

B{dX,62)-dX 

is (2, e) -strained. 

Proof. For any p G dX, there is 5p > such that 

B{p,S,)-{p} 

has no e'-critical point for dp, where, e' <^ e. Therefore, B{p, dp)—dX is 
(1, £')-strained, and hence, this is (2, £)-strained. Since dX is compact, 
there is 5 > such that, for any p e dX, there exists q G dX with 
B{p, 6) C B{q, 6g). Therefore, B{dX, 6) - dX is (2, e)-strained. □ 

From now on, we use the notation Z(A; B, C) defined as follows. Let 
A, B and C be positive numbers satisfying a part of triangle inequality: 
B+C > A and A+C > B. If A+B > C, then taking a geodesic triangle 
Aabc in the hyperbolic plane with side lengths \ab\ = C, \bc\ = A 
and \ca\ = B, we set Z{A; B, C) := Zbac. Otherwise, Z{A; B, C) := 0. 

Let us start to construct a division of C C dX to construct an 
£- regular covering. Let us fix a small positive number e > 0. 

Lemma 9.5. For any p G dX , there zs s > such that for any q G 
B{p, s) n dX — {p} and x E pq — {{q} U U {p, \pq\/2)), we have 

Z{\pq\; \px\,L{xq)) > tt - e. 

Here, pq is an arc joining p and q in dX . In particular, 

Zpxq > IT — e. 

Proof. Suppose the contrary. Then, there are p G dX, Si — 0, gj G 
S(j), Si) n dX and Xi E pqi — {{qi} U f/(p, \pqi\/2)) such that 

2{\pqi\] \pxi\, L{x^i)) < TT - e. 

Taking a subsequence, we may assume that g^, Xi converges to goo, 
Xoo, respectively, under the convergence (j-X, p) — )■ (TpX, Op). Then, 
goo e dTpX, |op, gool = 1 and Xoo e Opgoo. 
If Xoo 7^ goo, then 

lim Z{\pqi\] \pxil L{x~qi)) = ZopX^q^ = tt. 

«— >oo 

This is a contradiction. 

Otherwise, Xoo = goo- We take Too G dTpX such that 

Qoo ^ Oproo, I Op, Tool ^ 3/2. 
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We choose rj e dX such that — )■ Too as i — oo under the convergence 
{j:X,p) — )■ (TpX, Op). Since xjr^ is a quasigeodesic containing g^, by the 
comparison theorem for quasigeodesics |PP QG| , we have 

2(|pgi|; \pxi\, L{x^i)) > Z{\pri\; \pxi\, L{x^)). 

Since Lix^T-^/si — )■ |xooToo| ( |PP QCj] ), we obtain 

2{\pri\] \pXi\,L{x^i)) ZopXooToo = TT. 

This is a contradiction. □ 

Lemma 9.6. For p G Re{dX), there is s > such that for any q G 
B{p, s) n dX — {p} and x E pq — {p, q}, we have 

^{\pq\j \p^\: L{xq)) > n — e or Z{\pq\; L{px), \xq\)) > tt — e. 

In particular, Zpxq > n — e. 

Proof. Suppose the contrary. Then there are p G dX, Si — 0, G 
S{p, Si) n dX and Xi E pqi — {p, qi} such that 

(9.1) Z{\pqi\;\pxi\,L{x^)) < IT - e, and 

(9.2) Z{\pqi\;L{pXi), \xiqi\)) < vr - 5. 

We may assume that qi and Xi converge to goo and Xqo, respectively, 
under the convergence {j-X,p) — {TpX,0p). Then, q^o G dTpX, 

\opqoo \ = 1 and Xoo e Opq^o- 

If goo 7^ Op, then by the same argument of the proof of Lemma 1931 
we have 

Z{\pqi\; \pXi\,L{x^)) vr. 

This is a contradiction to fl9.ip . 

Otherwise, goo = Op. We take Too G dTpX fl S{op, 1) — {goo} and 
Tj G dX such that — Too- Since 5^ is a quasigeodesic containing p, 
by the comparison theorem for quasigeodesics, we have 

Z{\pqi\]L{pXi), \xiqi\)) > Z{\riqi\; L{f\Xi), \xiqi\)). 

Since L{j\x'i)/si — )■ |rooOp|, we obtain 

2(|rjgj|; L(r^), \xiqi\)) Zq^Opr^ > ti - e. 

This is a contradiction to (19. 2p . □ 

Definition 9.7. Let 7 = pg be an arc joining p and g in 9X. We say 

that 7 is strictly e-strained by d'j = {p, q} if 

(9.3) Zpxq > TT — e for all X G int 7, 

and if, setting ^ and 77 the directions of quasigeodesics xp and 5^ at x, 
respectively, we have 

(9.4) Z{Ul)<e^ndZ{rj,tl)<e. 
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Remark that an arc pq in Lemma [9.61 is strictly e-strained by {p, q}. 
Indeed, we assume that \px\, L{xq)) > tt — e for some x G intpq. 

We obtain Zpxq > Z{\pq\; \px\, L{xq)) > n — e. Let ^ and r] be the 
directions of xp and xq at x, respectively. Since dimX = 2, ^ and r] 
attain the diameter of Hx, i-e., 

Z(e,r/) = L(E.). 

Hence, we have 

>Z{tl,n)>Zpxq>7r-e. 
Since L{T,p) < ir, we obtain 

In particular, fl9.4p holds. 

Let us fix a component C of dX. By Lemma [9.51 and ^S^iC) < oo, 
there is s > such that for every p E 8^(0), taking g"*", q~ G S{p, s) flC, 
we have 

Z{\pq^\; \px\, L{xq^)) > tt — e 

for all X e Pp - {U{p, s/2) U {q^}), where := pq^. 
Let us consider the set 

(9.5) C-UiS,iC),s) = C- U int(/3;u/3;). 

pe5e(c) 

This consists of finitely many arcs. We prove that each component K 
of it is divided into finitely many strictly e-strained arcs. 

Lemma 9.8. Let K he an arc in Re{C) with dK = {p,q}. There are 
consecutive arcs •ja = PaPa+i, a = 1,2, . . . ,n with pi = p and Pn+i = q 
such that each 7q, is strictly e-strained by {pa,Pa+i}- 

Proof. By repeatedly using Lemma 19.61 we have a set $ of consecutive 
arcs starting from p contained in K, 

$ = {71,72, • • • ,7n} 

such that each 7q, is strictly e-strained by d'ja- Here, a word "consecu- 
tive arcs starting from p" means that each 7^ forms 7q, = PaPa+i C K 
and pi = p. 

In what follows, $ denotes any such finite sequence of arcs as above. 
Let us set 

n 

m :=5^L(7j. 
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We consider the value £ := sup$L($). Since 7^ are consecutive and 
contained in K, we have £ < L{K). To prove the lemma, we show that 
there exists $ with L(<l>) = L{K). 

li i = L{K) then there is $ = {7a}i<Q<n such that p„ is arbitrary 
close to q. If there is $ with = L{K), then the proof is done. 

Otherwise, by using Lemma 19^ for q, we can take $ such that 7^+1 := 
p^q is strictly e-strained by d'-fn+i- Then we obtain an extension 

<!>:=$□ {7„+i} 

of $ with L{^) = L{K). This is a contradiction. Therefore, if £ = L{K) 
then there is $ attaining = L{K). 

We assume that £ < L{K). By a similar argument as above, we have 
$ = {7a}i<Q<n such that L{^) = i. Again, by a similar argument 
as above, we have an extension $ of $. Hence L{^) > i. This is a 
contradiction. □ 

By Lemma [9. 81 and the decomposition (19.51) . we obtain a division of 

C: 

(9-6) C= I U U (UU^o^ 

\P65,(C) / \A' i=l 

where, := pq^ and K denotes any arc component of C—U{Se{C), s). 
For each K, 7^ (1 < a < uk) expresses a strictly 5-strained arc by 
^7^, obtained in Lemma [9.8[ 

By using a division (19. 6p of C, we prove that the existence of an 
£- regular covering of C. 

Lemma 9.9. There is an e-regular covering of C. 

Proof. Let us fix a division of C obtained as (19. 6p . Fixing a component 
K, we write n = uk, 7a = 7^- Each 7q, forms 7q, = pJ^Wi- We take a 
small positive number r such that 

(9.7) I'^dpJ > 1 — £ on B{pa, 2r) — {pa} for all a, 

(9.8) Ba nBa' = ^ for all a ^ a', 

where Ba := B{pa,r). 

By the condition (19. 3p . there is a small positive number 5 with 6 <^ r 
such that, setting 

Da := 5(7,, (5) - int {B^ U E,+i), 

we have 

Zpaxpa+i > n- e 
for all X G -Dq,; further, by (19.31) and (19. 4p . 5 can be chosen that, for 
every x G Da and y & C with |xC| = we have 

\ZpaXy — 7r/2| < 2e and |Zpa+ia^y — 7r/2| < 2e. 
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To use later, we set 

l<a<n l<a<n-l- 

For p G 5'e(C), there are unique components and K~ of C — 
U{S,{C, s)) with (3^nK^ ^ 0. We take unique elements G P^nK^. 
Recall that s > is a small positive number satisfying the conclusion 
of Lemma [9.51 for p, and |V(ip| > 1 — £ on B{p, s) — {p}. For G K^, 
we provided numbers r"^ satisfying (19. 7p and fl9.8l) . above. Let us set 

Bp := B{p, s/2) and := 5) - int [Bp U r^)). 

If we retake 5 small enough, we have 

\Z.pxq'^ — 7r/2| < e 

for all X G -Dp . 

Thus, we obtain an e-regular covering 

{5p,^JW.(C7)U|J<l>x 
K 

of C. □ 
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